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1 Introduction 

The role of measures in the study of nonlinear partial differential equations has became 

more and more important in the last years, not only because it belongs to the mathematical 
spirit to try to extend the scope of a theory, but also because the extension from the 
function setting to the measure framework appeared to be the only way to bring into 
light nonlinear phenomena and to explain them. In a very similar process, the theory 
of linear equations shifted from the function setting to the distribution framework. The 
aim of this chapter is to bring into light several aspects of this interaction, in particular 
its connection with the singularity theory and the nonlinear trace theory. Our intention 
is not to present a truly self-contained text : clearly we shall assume that the reader is 
familiar with the standard second order linear elliptic equations regularity theory, as it is 
explained in Gilbarg and Trudinger's classical treatise [47]. Part of the results will be fully 
proven, and, for some of them, only the statements will be exposed. The starting point is 
the linear theory, in our case the study of 

Lu = A in r2, 

(1.1) 

u = ji on do., 

where is a smooth bounded domain in R", L is a linear elliptic operator of second order, 
and A and ji are Radon measures, respectively in O and dVt. Under some structural and 
regularity assumptions on L (essentially that the maximum principle holds), it is proven 
that (1.1) admits a unique solution. Moreover this solution admits a linear representation, 
i.e. 

u{x) = j Gl{x,y)d\{y) + f P2{x,y)d^i{y), (1.2) 
Jo. Jan 
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for any x Q, where and are respectively the Green and the Poisson kernels 
associated to L in O. The presentation that we adopt is a combination of the classical 
regularity theory for linear elliptic equations and Stampacchia duality approach which 
provides the most powerful tool for the extension to semilinear equations. In Section 3 we 
shall concentrate on semilinear equations with an absorption-reaction term of the following 
type 

Lu + qix, u) = X in J7, 

(1.3) 

u = on dil, 

where {x,r) i-^ g{x,r) is a continuous function defined in O x R, satisfying the absorption 
principle 

sign(r)5((x, r) > 0, V(a;, r) G O x (— oo, — ro] U [ro, oo), (1-4) 

for some rg > 0. Under general assumptions on g, which are the natural generalisation of 
the Brezis-Benilan weak-singularity condition [11], it is proven that for any Radon measure 
A in O satisfying 

/p^,d|A|<oo, (1.5) 
Jn 

with Pq^{x) = dist (x, dO,) and a G [0, 1], Problem (1.3) admits a solution. Notice that the 
assumption on g depends both on n and a. Furthermore, uniqueness holds if r i-> g{x, r) 
is nondecreasing, for any x G fi. However, the growth condition on g is very restrictive. 
Thus the problem may not be solved for all the measures, but only for specific ones. A 
natural condition is to assume that the measure A satisfies 

/ 5(^,(Gg(|A|))/9,„dx<oo, (1.6) 
Jo. 

where G2(|A|), defined by 

Gg(|A|)(x)= / G£(x,y)d|A|(y), Vx G J^, 
Jo. 

is called the Green potential of |A|. Under an additional condition on g, called the A2- 
condition, which excludes the exponential function, but not any positive power, it is shown 
that, in Condition (1.6), the measure A can be replaced by its singular part with respect 
to the n-dimensional Hausdorff measure in the Lebesgue decomposition, in order Problem 
(1.3) to be solvable. In the case where 

g{x, r) = \r\'^~^ r, 

with r > 0, Problem (1.3) can be solved for any bounded measure if < g < n/(n — 2), 
but this is no longer the case if g > n/ (n — 2). Baras and Pierre provide in [9] a necessary 
and sufficient condition on the measure A in terms of Bessel capacities. The solvability 
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of nonlinear equations with measure is closely associated to removability question, the 
standard one being the following : assume K is a compact subset of O and u a solution of 



Lu + g{x, u) = in Q\K, 



(1.7) 



does it follows that u can be extended, in a natural way, so that the equation is satisfied 
in all ri? The answer is positive if some Bessel capacity, connected to the growth of g, 
of the set K is zero. In Section 4 we give an overview of the semilinear problem with a 
source-reaction term of the following type 



For this equation, not only the concentration of the measure is important, but also the 

total mass. The first approach, due to Lions [66] is to construct a supersolution, the 
conditions are somehow restrictive. In the convex case, a rather complete presentation is 
provided by Baras and Pierre [10], with the improvement of Adams and Pierre [2]. The 
idea is to write the solution n of (1.8) under the form 



The convexity of r i-^ g{x, r) gives a necessary condition expressed in term of the conjugate 
function g*{x,r). The difficulty is to prove that this condition is also sufficient and to link 
it to a functional analysis framework. An extension of this method is given by Kalton and 
Verbitsky [52] in connection with weighted inequalities in L'^ spaces. Finally, conditions 
for removability of singularities of positive solutions are treated by Baras and Pierre [9]. 
In Section 5 we consider the problem of solving boundary value problems with measures 
data for nonlinear equations with an absorption-reaction term, 



The first results in that direction are due to Gmira and Veron [48] who prove that the 
Benilan-Brezis method can be adapted in a framework of weighted Marcinkiewicz spaces 
for obtaining existence of solutions in the so-called subcritical case : the case in which the 
problem is solvable with any boundary Radon measure. In a similar way as for Problem 
(1.3), it is shown that Problem (1.10) is solvable if the measure ji satisfies 



Lu = g{x, u) + X in $7, 
n = on d^, 



(1.8) 




(1.9) 



Lu + g{x,u) = in ft, 
u = n on dfl, 



(1.10) 




(1.11) 



where 




4 



It is also possible to extend the range of solvability if ^ is replaced by its singular part 
with respect to the (n — l)-dimensional Hausdorff measure, for specific functions g which 
verify a power like growth. In the last years the model case of equation 

Lu + lul"-^ u = 0, (1.12) 

acquired a central role because of its applications. The case q = (n + 2)/(n — 2) is 
classical in Riemannian geometry and corresponds to conformal change of metric with 
prescribed constant negative scalar curvature [67], [87]. The case 1 < g < 2 is associated 
to superprocess in probability theory. It has been developed by Dynkin, [34], [35] and 
Le Gall [62] who introduced very powerful new tools for studying the properties of the 
positive solutions of this equation. The central idea is the discovery by Le Gall [61], in 
the case q = 2 = n, and the extension by Marcus and Veron [68], in the general case 
q > 1 and n > 2, of the existence of a boundary trace of positive solutions of (1.12) in 
a smooth bounded domain Q. This boundary trace denoted by TrQ^{u) is no longer a 
Radon measure, but a cr-finite Borel measure which can takes infinite value on compact 
subsets of the boundary. The critical value for this equation, first observed by Gmira and 
Veron, is qc = (n + l)/(n — 1). It is proven in [61], [70] that for any positive cr-finite Borel 
measure on d^l the problem 

Lu + luj"^"^ u = in ri, 

(1.13) 

admits a unique solution provided 1 < q < qc. This is no longer the case when q ^ qc 
Although many results are now available for solving the super-critical case of Problem 
(1.13), the full theory is not yet completed. An important colateral problem deals with 
the question of boundary singularities, an example of which is the following : suppose 
i^' is a compact subset of dil, u £ (7^ ($7) H C(r2 \ K) is a solution of (1.13) in $7 which 
vanishes on dO, \ K ; does it imply that u is identically zero ? The answer to this question 
is complete, and expressed in terms of boundary Bessel capacities. 

2 Linear equations 

2.1 Elliptic equations in divergence form 

We call X — {xi, . . . , Xfi the variables in the space M". Let 17 be a bounded domain in R". 
The type of operators under consideration are linear second order differential operators in 
divergence form 




where the aij, bi, Ci and d are at least bounded measurable functions satisfying the uniform 
ellipticity condition in $7 : 

n n 

J2 ^iji^Mj > « E = (6, . . . , ^n) e M", (2.2) 

i,j=l 1=1 
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for almost all x ^ U, where a > is some fixed constant. It is classical to associate to L 
the bilinear form Al 

Al{u,v)= aL{u,v)dx, yu,v e Wq''^{^), (2.3) 
Jn 



where 

. . du dv ^ f , du dv \ 

aUu,v) = ^ <^ijQ^^Q^^+2^[b^Q^^- + ^^Q^^) + duv . (2.4) 

i^j — 1 i — 1 

An important uniqueness condition, symmetric in the hi and Cj, which also implies the 
maximum principle, is the following : 

j^{^'^ + fl\^^^ + ''^)^dx>{), \/veCl{9),v>{). (2.5) 

Lemma 2.1 Let the coefficients of L he hounded and measurable, and conditions (2.2) 
and (2.5) hold. Then for any (j) G W^'^{Q,) and fi G L'^{Q,) (i = 0,. . . ,n) there exists a 
unique u G W^''^{^) solution of 

Lu = fo- in n, 

~i9xi (2.6) 

u = (j) on dft, 

Proof. By a solution, we mean u — (t> e Wq'^Q) and 



Al{u,v)= J^(^fov + J2f~]dx, yveW^^^n). (2.7) 



We put u = u — (f). Then solving (2.6) is equivalent to finding u G WQ^'^(i7) such that 

ALiu,v) = J^(^fov + f2j~-aLicl>,v)jdx, yveW^^\n). (2.8) 
The bilinear form Ai^ is clearly continuous on W(J'^(0) and 

Mv,v) = 1^ + dv' + l + ^)|^ j dx. 

By (2.2) and (2.5), 

ALiv,v) >a [ \Vv\^ dx, £ C^in). 



By density Al is coercive and thanks to Lax-Milgram's theorem, it defines an isomorphism 
between the Sobolev space VFQ^'^(f2) and its dual space W~^''^{^). □ 
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The celebrated De Giorgi-Nash-Moser regularity theorem asserts that, for p > n and 
fjn), any , 



/ G Lf (Q), any W^'^{^) function u which satisfies 



[ aL{u,(f))dx= f f(f)dx, ycpeC^in), (2.9) 
Jn Jn 

is locally Holder continuous, up to a modification on a set of measure zero. Furthermore 
the weak maximum principle holds in the sense that if M G W^'^{n) satisfies 

Al{u, (f)) < 0, G Co°°(n), </) > 0, (2.10) 

such a is called a weak sub-solution, there holds 



In the above formula. 



supu < supu. (2-11) 
Q an 



supt; := inf{A: G M : {v - k)+ & W^'^ip)}. 
an 



At end, the strong maximum principle holds : if for some ball B d B <Z 

sup'u = supn, (2-12) 
B n 

then u is constant in the connected component of Q. containing B. 

If the (lij and the q are Lipschitz continuous, and the hi and d are bounded measurable 
functions, the operator L can be written in non-devergence form 

where 

i=l 1=1 

Conversely, an operator L in the non-divergence form (2.13) with Lipschitz continuous 
coefHcients aij and bounded and measurable coefficients h'^ can be written in divergence 
form 

1,3=1 ^ ■> ' 3=1 ■> 



with 

h=^3^Y. 



n „ 

oajj 

dxi 
1 * 
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This duality between operators in divergence or in non-divergence form is very useful in 
the applications, in particular in the regularity theory of solutions of elliptic equations. If 
L is defined by (2.1), the adjoint operator L* is defined by 



L' 



J 7 = 1 ■' ^ ' 1=1 1=1 



Under the mere assumptions that the coefficients Ojj, 6j, q and d are bounded and mea- 
surable in VL. the uniform cllipticity (2.2), and the uniqueness condition (2.5), the two 
operators L and L* define an isomorphism between T4^q^'^(0) and VF^^'^(O). If the ajj and 
the hi are Lipschitz continuous, for any u G L;^^^(J7), Lu can be considered as a distribution 
in if we define its action on test functions in the following way : 

(Lu,0)= / uL*(Pdx, VcpeC^in). (2.16) 
Jn 

2.2 The framework 

Let $7 be a bounded domain with boundary and L the operator given by (2.1). 

Definition 2.2 We say that the operator L given by (2.1) satisfies the condition (H), if 
the functions aij, hi and Ci are Lipschitz continuous in Q, d is bounded and measurable, 
and if the uniform cllipticity condition (2.2) and the uniqueness condition (2.5) hold. 

Notice that this condition is symmetric in L and L* . We put 

p^^[x) = dist (x, dn), Mx e n. (2.17) 

We denote by Cc' (H) the space of C^{Cl) functions (, vanishing on and such that 
L*Ce L°°(J^), and by 

the co-normal derivative on the boundary following L* (here the are the components 
of outward normal unit vector n to dU). 

Definition 2.3 Let f G L^{^1; pg^^dx) and g G L^{d^). We say that a function u G L^(ri) 
is a very weak solution of the problem 

Lu = f in 

(2.19) 

u = g on dil, 

if, for any C G Cl'^{Q), there holds 

uL*Cdx= [ fCdx- [ ^gdS. (2.20) 
Q Jn Jan (^ul* 
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The next result is an adaptation of a construction, essentially due to Brczis in the case of 
the Laplacian, although various forms of existence theorems were known for a long time. 

Theorem 2.4 Let L satisfy the condition (H). Then for any f and g as in Definition 2.3, 
there exists one and only one very weak solution u of Problem (2.19). Furthermore, for 
any C, € Cc'^(fi), C ^ 0, there holds 

[ \u\ L*Cdx < [ fsign{u)Cdx - f l^l dS. (2.21) 



and 

I u+L\dx< I fsign+iu)Cdx - [ -^g+dS. (2.22) 

Jn JQ Jan cnL* 

The following result shows the continuity of the process. 

Lemma 2.5 There exists a positive constant C = C{L,Q) such that if f and g are as in 
Definition 2.3 and u is a very weak solution of (2.19), 

IkllLi(n) < C (||Pan/llLi(n) + h\\L^(dn)) ■ (2-23) 
Proof. We denote by rju the solution of 

L*?7„ = sign(n) in J^, 

(2.24) 

r/u = on do,, 

Notice that rju exists by Lemma 2.1. Since the coefficients of L are Lipschitz continuous, 
rju G C'c(fi) and L*riu G L°°{Vl). Thus r]u € Cc'^(n). By the maximum principle 

\r]u\ <v-= m, 

thus 



dni 



dnr* 



Pluging this estimates into (2.20) one obtains 

/ \u\dx< [ \f\r]dx- [ ^\g\dS, (2.25) 
Jn Jn J an onz* 

from which (2.23) follows. □ 

Proof of Theorem 2.4 -Existence Let {/n}, {gn} be two sequences of functions defined 
respectively in and dO,, fn with compact support, and such that 

\\{f - fn)Pan\\LHn) + y - dnh^idn) ^0 as n ^ oo. 
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Let Un be the classical solution (derived from Lemma 2.1 for example) of 

Lun = fn inn, 

(2.26) 

Un = gn on dn. 

Then u„ G VF^'^(J7) for any finite p> 1. By (2.23), is a Cauchy sequence in L^{n). 
Because u„ satisfies 

/ UnL*Cdx = [ fnCdx - [ ^gndS, (2.27) 
Jn Jn Jan oul* 

for any ( G Cl'^{U), letting n —>■ oo leads to (2.20). 

Estimates (2.21) and (2.22). Let 7 be a smooth, odd and increasing function defined on 
M such that —1 < 7 < 1, and C, a nonnegative element of C\'^{n). Since 

[ f I / <9u„ (9(7(m„)C) , 

/ Jnl[Un)C,dx = y Qij- dx 

i,j=l ■> 

Put 

ji{r) = / 7(s)ds, j2(r-) = r-7(r) andj3(r)= / s^'{s)ds. 
Jo Jo 

Then 
and 
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Therefore 



/■ / " f^C "9 ^ 

+ ( ^Cii2('"n)^ -i3(?^n)^(CiC) +t(72(Wn)C I t^^;, 

and finally, 

/ j{un)L*C,dx< I fnl{un)C,dx- [ j{gn)-^^dS. 
Jn Jn Jan oul* 

When 7(r) — ^ sign(r), Ji(r) and j2{'r') both converge to |r|, and j3(r) converges to if, for 
example, we impose < 7^(r') < 2er^X(^c o ^'^^ send e to 0. Letting successively n ^ oo 
and 7 ^ sign yields to (2.21). We obtain (2.22) in the same way while approximating 
sign+ by 7. □ 

Corollary 2.6 Under the assumptions of Theorem 2.4, the mapping {f,g) 1— > u defined 
by (2.19) is increasing. 

For the regularity of solutions, the following result is due to Brezis and Strauss [22] 
using Stampacchia's duality method [91]. 

Theorem 2.7 Let L satisfy the condition (H). Then for any I < q < n/{n — 1), there 
exists C = C(ri,g) > such that for any f G L^(ri), the very weak solution u of (2.19) 
with g = satisfies 

\Mw^-in)<C\\f\\LHn)- (2-28) 
This theorem admits a local version. 

Corollary 2.8 Let L be the elliptic operator defined by (2.1), with Lipschitz continuous 
coefficients and satisfying (2.2). Let u G L\^^{yt) and f G L\^J^Q) be such that 



uL*C,dx 



= f fCdx, (2.29) 



for any C G C}{n) such that L*( G L°°{Q). Then for any open subsets G C G C G' C g' C 
$7, with G compact and 1 < q < n/{n — 1), there exists a constant C = C{G, G', q,L) > 
such that 

\\u\\w^,g^G) ^ C (||/IIli(G') + II^IIli(G')) • (2-30) 
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2.3 The mecisure framework 

We denote by 9K(ri) and dJl{dfl) the spaces of Radon measures on Q and di} respectively, 
by and dJt-^.{dfi) their positive cones. For < a < 1, we also denote by 9Jl(0; p^^) 

the subspace of the /j, G satisfying 

and by C(r2; the subspace of (7(0) of functions ( such that 

sup|C|/p^^ <oo. 

For the sake of clarity, we denote by 

the space of bounded Radon measures in Q. Both p^^) and C(i7; /0~j^) are endowed 

with the norm corresponding to their definition. If A G ^{i};pg^) and p G Tl{dil), the 
definition of a very weak solution to the measure data problem 

Lu = A in f2, 

(2.31) 

u = p on dQ, 
is similar to Definition 2.3 : u G L^{Cl) and the equality 

uL\dx= [ CdX- I -S^dp, (2.32) 
Q. Jn Jdn 

holds for every 

Theorem 2.9 Let L satisfy the condition (H). For every A G 9Jt(0;pgj^) and /i G dR{dQ.) 
there exists a unique very weak solution u to Problem (2.32). Furthermore the mapping 
(A, p) ^ u is increasing. 

Proof. Uniqueness follows from Lemma 2.5. For existence, let {A^} be a sequence of 
smooth functions in J7 such that 

lim / \n(l>dx = I (pdX, 
7n Jo. 

for every ^ G C(f2; p~^). Let {pn} be a sequence of functions on 90 converging to p 
in the weak sense of measures and Un denote the classical solution of 

Lun = A„ in J7, 

(2.33) 

Un = Pn Oil t^^- 
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Thus 



/ UnL*Cdx= f (Xndx- [ j^tindS, (2.34) 
Jn Jn Jdn o^l* 



holds for every G Cc'^(fi). Since ||A„Pgj, H^i^^^) ^'^d ||Mn|lLi(aQ) bounded indepen- 
dently of n, it is the same with ||tin||Li(Q) by Lemma 2.5. Let a; be a Borel subset of J7, 
and 0^ n the solution of 



L*0u>,n = X^sign(nn) in n, 



(2.35) 



Since On, is an admissible test function, 



/ \Un\ dx = [ 9u,,nKdx - [ ^^/^ndS. 

Juj Jn Jan oni* 



Moreover —6u)< O^^n < Quji where is the solution of 

e^ = o on dn. 

Therefore 



(2.36) 



/ \Un\dx< ||A„/?gf5||^i(Q) ||0a;/Pan|lLoo(n) + llAtnllLi(an) II^^w/^hl* |lL°°(an)- (2.37) 

By the LP regularity theory for elliptic equations and the Sobolev-Morrey imbedding 
Theorem, for any n < p < oo, there exists a constant C = C{n,p) > such that 

\K\\cHn)<C\\xJLrin) = C\u\'/P. (2.38) 
This estimate, combined with (2.37), yields to 

/ \un\dx < C(||A„PgJ|^i(^) + ||/Xn|Li(an))l'^r/^ < CM\u;\'/P, (2.39) 

Jul 

for some M independent of n. Therefore the sequence {un} is uniformly integrable, thus 
weakly compact in (O) by the Dunford-Pettis Theorem, and there exist a subsequence 
{un^} and an integrable function u such that n^^, — > n, weakly in L^i^l). Passing to the 
limit in (2.34) leads to (2.32). Because of uniqueness the whole sequence {un} converges 
weakly to u. The monotonicity assertion follows from uniqueness and Corollary 2.6. □ 

Remark. Estimate (2.22) in the statement of Theorem 2.4 admits the following extension 
: Let the two measures A and have Lebesgue decomposition 

A = A^ + As and ji = fir + IJ-s-, 
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\r and Hr being the regular parts with respect to the n and the n — 1 dimensional Hausdorff 
measures and and jig the singular parts. If and fig are nonpositive, there holds 

f u+L*(dx < f Xr+sign^{u)(^dx — f jir+dS, (2.40) 

Jn Ja Jdfi oriL* 

for any C G Cc'^m, C > 0. 

Remark. The above proof implies the following weak stability result, /f {A„} C dJl{Q; p^jj 
and {fJ,n} C Tl{dO.) are sequences of measures wich converge respectively to A in duality 
with C{0,;p~^), and to fi in the weak sense of measures on dQ, the corresponding very 
weak solutions Un of (2.33) converge weakly in L^{Q) to the very weak solution u of (2.31). 

2.4 Representation theorems and boundary trace 

If i7 is a bounded domain with a boundary, L the elliptic operator defined by (2.1), 
with Lispchitz countinuous coefficients and u and v two functions in l^^'P(r2), with p > n, 
the Green formula implies 

/ (vLu - uL*v) dx= f (u^^ - v^] dS, (2.41) 
Jn Jan V 9nL* duLj 

where L* and dv/diiL* are respectively defined by (2.15) and (2.18), and 

is the co-normal derivative following L. If we assume that condition (H) is fulfilled, and if 
X G we denote by G2{x, .) the solution of 

L*G^(x,.) = 6,^ inn, 

^ (2.43) 
Gg(x,.)=0 ondn. 

The function is the Green function of the operator L in Jl. Notice an ambiguity in 
terminology between L and L*, but it has no consequence because the condition (H) is 
invariant by duality and the following symmetry result holds : 

G2{x, y) = G% {y, x), V(x, y)enxn,x^y. (2.44) 

The function G^{x, .) is nonncgative by Theorem 2.9 and belongs to Wi^^{Q, \ {x}) for 
any 1 < p < oo. Thus it is in \ {x}. We denote 

PS{x,y) = -^^^^, ^{x,y)enxdn. (2.45) 

li u G C^(0), the following Green representation formula derives from (2.41) 

u{x) = [ G2{x,y)Lu{y)dy + f P^{x,y)u{y)dS{y), Vx e ^^. (2.46) 
JQ. Jan 
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By extension this representation formula holds almost everywhere if (A, fj,) € x (dil,), 

and u is the very weak solution of (2.31), in the sense that 

u{x)= [ G2{x,y)dX{y) + [ Gi{x,y)dfi{y), a.e. in (2.47) 

Jn Jn 

Actually the representation formula is equivalent to the fact that tt is a very weak solution 
of Problem 2.31 (see [14] for a proof). We set 

<Gg(A)(x)= / G2{x,y)dX{y), (2.48) 

and call it the Green potential of A, and 

Pg(A)(x)=/ Pj^{x,y)dXiy), ^xEQ, (2.49) 

Jan 

the Poisson potential of /x. The Green kernel presents a singularity on the diagonal = 
{(x,x) : X e ^l}, while the Poisson kernel becomes singular when the x variable approaches 
the boundary point y. Many estimates on the singularities have been obtained in the last 
thirty years [56], [78], [47], [35]. We give below some useful estimates in which is 
defined by (2.17). 

Theorem 2.10 Assuming that fl is bounded with a boundary and assumption (H) 
holds, then 

Gg(x, y) < C{L, n) '"^ ~ ^^^^ , y{x,y)e{nxn)\Dn, (2.50) 

\x - y\ 

ifn > 3, 

G2{x,y)<C{L,n)mm{l,\x-y\pg^{x)}\n+\x-y\, ^x,y) e {n x n) \ Dn, (2.51) 
if n = 2. Moreover, for any n> 2, 

K\L,n)^^^<P2{x,y)<K{L,n),^^, V(x,y)GJ^x5a (2.52) 

Another useful notion, from which some of the above estimates can be derived is the 
notion of equivalence (see [4], [85]). 

Theorem 2.11 Assuming that Q is bounded with a boundary and assumption (H) 
holds, there exists a positive constant C such that 

CG^^ < Gg < ^G^^ in {nxn)\Dn, (2.53) 



and 



cp^A <p£ < ^P^A in nx dn. (2.54) 
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In order to study the boundary behaviour of harmonic functions, we introduce, for 

rtp = {xen: p^{x) > 13], Gp = n\ n^, Ep = dnp = {x en-. p^{x) = /?}, (2.55) 

and So := S := dVt. Since O is C^, there exists /3o > such that for every < /? < /?o 
and X G Gp there exists a unique (t{x) G S such that \x — cy{x)\ = Pg^ix). We denote by 
n the mapping from to (0, /3) x S defined by 

n(x) = (p,Jx),c7(x)). (2.56) 

The mapping 11 is a diffeomorphism with inverse given by 

Yi-^{t,a) = a -tn, V(t, a) G (0, /3) x S, (2.57) 

where n is the normal unit outward vector to dVi at x (sec [71] for details). If the distance 
coordinate is fixed in (0,/3o], the mapping 9)t defined by 

S^t{x) = cr{x) Vx e St, 

is the orthogonal projection from S^ to dU. Thus ^^^(.) = n~^(t, .) is a diffeomorphism 

and the set {Sj}o<t</3g is a foliation of G^g. For < t < (3q we can transfer naturally 
a Borel measure p, or a function /, on Sj into a Borel measure or a function on as 
follows : 

p\E) := p{Sjt^{E)), for every Borel subset E C dQ, 
f{x) := f{a{x) - tn{x)), G dn. ^"^'^^"^ 
The Lebesgue classes on S^ and S are exchanged by this projection operator and actually 

f /*GLnS,M*), 



/xGaJl(St), /GLi(St,M) 



/ fdp= [ 



Definition 2.12 Let L be an elliptic operator defined by (2.1) in fl, with bounded and 
measurable coefficients. We say that a function u G Wl^^{Cl) is weakly L-harmonic if 

Al{u,v) = \fve C^in). (2.60) 

Remark. If (2.2) holds, any weakly L-harmonic function is Holder continuous by the De 
Giorgi-Nash-Moser Theorem. If the coefficients of L are Lispchitz continuous, the notion 
of weak L-harmonicity can be understood in the sense of distributions in J7, by assuming 
that u is locally integrable in Q and 

f uL*(t)dx = 0, G Co°°(J^). (2.61) 

It can be verified that any locally integrable function L-harmonic in the sense of distri- 
butions in Q is actually weakly L-harmonic. Therefore it belongs to Wi^^{Q.), for any 
1 < |) < oo, by the L^-regularity theory of elliptic equations. 
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Theorem 2.13 Let be a bounded domain of class and L the elliptie operator defined 
by (2.1) satisfying condition (H). Let u be a nonnegative locally integrable L-harmonic 
function in O. Then there exists a unique nonnegative Radon measure fi on such that 

lim / uix)eia{x))dS = / Od^, \/9 G Co(S). (2.62) 

Moreover u is uniquely determined by jj, and 

u{x)= f lf{x,y)dix{y), Vx G a (2.63) 
JdQ. 



Proof. Step 1 The function u is integrable. Let < /3 < /3o- Since u is continuous in $7^, 
its restriction to this set is the very weak solution of 



Lv = in 
V = v^sg on S^. 



Thus, if C G Cc'^inp), there holds 



from (2.65), and 



Therefore 



d(3 



(e^/'=*(/3)) > 0. 



lim *(/?) = / udx < GO. 



(2.64) 



/ uL*Cdx = - [ -^udS. (2.65) 
We fix ^ = rji^p as the solution of 



(2.66) 



L*'ni,f3 = 1 in ^13, 
rii^p = on 

By Hopf 's lemma, there exists c > such that 

c<—— — —<c on Sfl. 

OTlIl* 

Moreover, c can be taken independent of /? G (0,/3o]- It follows 

*(/3) = j udx>c I udS = -c^'{f3), (2.67) 



/3- 

Notice that (2.67) implies that remains bounded independently of p. 
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Step 2 End of the proof. Let 9 € C^(9r2), wg be the solution of 



L*wg = in Up, 
wq = 9 on E^, 



(2.68) 



and h G C{T,p) defined by 

h 



diiL* ' 

Then = "qi^^wgh^^ belongs to Cl'^{Vlp). Since d(/dnL* = 6 on S^, 

uL*Cdx = - [ -^^dS = f eudS. 

It is easy to check that L*(^ is bounded in L°°(ri^), independently of /?. Therefore 

lim / uL*Cdx 
13^0 J 



exists. The same holds true with 



lim / OudS, 



which defines a positive linear functional on C^(90). This characterizes the Radon mea- 
sure /Lt in a unique way. □ 

Definition 2.14 The measure n is called the boundary trace of u. 

Remark. In the above theorem, many assumptions can be relaxed : the boundcdncss of 
plays no role except that it allows a simpler statement of the result, and the integral repre- 
sention (2.63). The regularity of the boundary of the domain is not a key assumption, but 
in the case of a general domain, the boundary has to be replaced by the Martin boundary 
[76] , and the Poisson kernel by the Martin kernel in order to have a representation formula 
valid for all the positive L-harmonic functions. 

Remark. The Fatou Theorem asserts that for almost all y G dfl (for the n — 1-dimensional 
Hausdorff measure dHn-\) and for any cone Cy interior to Q, the following limit exists, 

lim u{x)=^Ji^, (2.69) 

x — > y 

X ^ Cy 

where ji^ is the regular part of the measure /x with respect to dHn-i in the Lebesgue 
decomposition. The proof of this result [30], [32], is much more involved that the one of 
Theorem 2.13. The trace in the sense of Radon measures is much more useful for our next 
considerations. 
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Definition 2.15 A locally integrable function u defined in Q is said super- L-harmonic if 

uL*(t)dx > 0, V(/) G C^{n), (f)>0. (2.70) 



/ 

Jn 



la, 

Theorem 2.13 admits an extension to positive proven by Doob [60], [32]. 

Theorem 2.16 Let ^ be a bounded domain of class and L the elliptic operator defined 

by (2.1). We assume that condition (H) holds. Let u a nonnegative super-L -harmonic in 
ri. Then there exist two Radon measures A G S!Jt+(ri) and /x G S!Jt+(c?0), such that 

Jn 

and u is the unique very weak solution to Problem (2.31). Furthermore (2.69) holds. 

3 Semilinear equations with absorption 

In this section we consider the semilinear Dirichlet problem with right-hand side measure 

Lu + q(x, u) = \ in $7, 

(3.1) 

u = on dQ, 

in a bounded domain of M", where 5 is a continuous function defined on R x A a 
Radon measure in Q and L the elliptic operator with Lipschitz continuous coefficients, 
defined by (2.1). 

Definition 3.1 Let A G Tl{0.;pg^). A function u is a solution of (3.1), if u e L^{Q,), 
g{.,u) G L^{Q,; pg^dx), and if for any C, G Cc'^{Q), there holds 



I 

Jn 



{uL*C + 9{x,u)C)dx= f CdX. (3.2) 

Jo 



The nonlinearity is understood as an absorption term, this means that rg{x, r) is nonneg- 
ative for \r\ > ro, uniformly with respect to a; G fi. 

Proposition 3.2 Let L be the elliptic operator defined by (2.1), satisfying the condition 
(H), and A G 9Jl(f2;/9g^) for some 0<q;<1. If g & C{ft,'R) is an absorption nonlinearity 
satisfying 

rg{x, r) > 0, V(a;, r) G x ((—00, — tq] U [ro, 00)) , 
and g bounded on Q, x {—ro,ro), any solution u of (3.1) verifies g{.,u) G L^ (Q,; p'^^dx) . 
Proof. We set h = g{.,u), then u is the unique very weak solution of 

Lu = X — h in J7, 

and, by assumption, u G L^[Q.), h G L^[^; pg^dx). Let {A„} be a sequence of smooth 
functions in Q, converging to A in the weak sense of measures with duality with the space 
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C(r2; Pq") (thus ||A„||f0j(Q.^a ) is bounded independently of n) and {un} the corresponding 
sequence of solutions of 

Lun = Xn — h in ft. 

By Theorem 2.4, ||?in||Li(f2) is bounded independently of n, and for any ( G Ci'^(O), ( >0, 
there holds 

/ {\un\L*( + hCsign{un))dx < / A„Csign('u„)da;. 

For test function we take jeivi) = ('yi + c)" ~ where e > 0. Then < jeivi) ^ iliJ 
and, if we put ri = sup^ ryi, one obtains 

i 1=1 ^ ' i=l i=l 



> - (je(n)-rij^(ri)) 



i=i 



since L*ri\ = 1, jg is a concave and increasing function on M_|_, r i-^ jt{r) — rj'^{r) is positive 
and increasing, and ellipticity condition (2.2) holds. Because {je{fi) — rij'^iri)) is bounded 
when < e < 1, and the coefficients hi and d are respectively Lipschitz continuous and 
bounded in there exists a constant M > independent of e such that L*{j^{r]i)) > —M 
in fl. Therefore 



^n|ISm(Q;p«^)- 



-M / \un\dx+ / /ijg(?7i)sign(u„)dx < ||A^ 
Jci Jn 

Letting n — oo yields to 

/ g{x,u)j>,{r]i)sign{u)dx < M / + sup ||An||grffm.„o (3.3) 

since /i G L^(Q; p^^dx). To be more precise, it is necessary to take a sequence of smooth 
approximations of the function sign, then let k — > and 7^ sign as in the proof of 
Theorem 2.4. Therefore there exists a positive constant C such that 

/ g{x,u)je{m)s^S^{u)dx < C + g{x,u)je{rii)s^E^{u)dx. 

J {x:\u(x)\>ro} J {x:\u{x)\<ro} 

Using the fact that 51(2;, r)sign(r) is positive for \r\ > rg and bounded for \r\ < tq, we can 
let e — > and conclude, thanks to Fatou's lemma, that 

/ \9{x,u)\r]^dx<C + sup\\Xn\\^rQ c. ax)<'^^ (3-4) 
which ends the proof. □ 
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3.1 The Mcircinkiewicz spaces approach 

At first we recall some definitions and basic properties of the Marcinkiewicz spaces. Let 
G be an open subset of and A a positive Borel measure on G. 

Definition 3.3 For p>l,p' = p/{p - 1) and u G L]^c{G), we introduce 

\MMv{G;d\) = inf |c G [0, oo] : J \u\dX<c (^j dX^ , C G, E Borel | , (3.5) 
and 

MP{G;dX) = {ue L\G-d\) : \\u\\^,^a;dX) < <^}- (3-6) 

MP{G;dX) is called the Marcinkiewicz space of exponent p, or weak i^-space. It is a 
Banach space and the following estimates can be found in [12] and [26]. 

Proposition 3.4 Let 1 < q < p < oo and u G L]^JyG; dX). Then 

Cip) \HMP(G;d\) <SUpls>0: sP dx \ < ||ti||MP(G;dA) • (3-7) 

^ I J{x:\u{x)\>s} J 

Furthermore 

dX < C{p, q) \\u\\Mv(^G;dX) i^j^ dXj ' (3-8) 

for any Borel set E C G. 

The key role of Marcinkiewicz spaces is to give optimal estimates when solving elliptic 
equations in a measure framework. In particular, using (2.50) and (2.52) it is not difficult 
to prove the following result (see [14] for a more general set of estimates in the case of the 
Laplacian operator). 

Theorem 3.5 Let CI C M", n > 2, he a hounded domain and L an elliptic operator 
satisfying condition (H). Let a G [0,1], A G 971(^2; p^^), jjl G 971(50). Ifn + a > 2, there 
holds 

ll'^i('^)|lM("+«)/("+«-2)(a;p^^) - ^ll''^llsm{a;p«^)' (3-9) 

and 

if2 



||V<^L(''^)|lM("+")/("+«-i)(n;pg^) - '^ll'^llscn(n;pgj,)- (3.10) 
Furthermore, for any 7 G [0, 1], 
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The following definition is inspired by Benilan and Brezis classical work [11] (with a = 0) 
and used by Gmira and Veron [48] (with a = 1). 

Definition 3.6 A real valued function g £ C{fl xM.) satisfies the (n, a)-weak-singularity 
assumption, n > 2, a G [0, 1], n + a > 2, if there exists ro > such that 

rg{x,r)>0, V(x, r) G O x (-oo, -ro] U [ro, oo), (3.12) 

and a nondecreasing function g G C([0, oo)) such that g >0, 

C ^(r-2-"-«)r-"+°-idr < oo, (3.13) 
Jo 

and 

\g{x,r)\<~g{\r\), V(x,r)GOxR. (3.14) 

Theorem 3.7 Let Q be aC"^ bounded domain in M", n> 2, L the elliptic operator defined 

by (2.1) and 51 G C(rj x M) a real valued function. If L satisfies assumptions (H) and g 
the (n, a) -weak-singularity assumption (then n > 3 if a = 0), for any A G dJt{^l; p^^) there 
exists a solution u to Problem (3.1). 

Proof. Step 1 Construction of approximate solutions. The technique developed below is 
adapted from Brezis and Strauss classical article [22]. Let A„ be a sequence of smooth 
functions, with compact support in $7, with uniformly bounded L^(0; pg^(ix)-norm, with 
the property 

lim / XnCdx / (dX, 
Jn Jn 

for any ( G C{Q) such that supq{p~^ |C|) < 00. For > 0, we introduce the truncation 
9k{;r) of g{.,r) by 

{g{x, r) if \g{x, r)\ < k, 

(3.15) 
ksign(g{x,r)) if \g{x,r)\ > k. 

By Lax-Milgram's theorem, for any z G L'^{^), there exists a unique w = T}.{z) such that 
ALiw,(P)-h [ gk{x,z)(Pdx= [ \n(pdx, V<^ G Wo'^(i7). (3.16) 

Using (2.2), 

a\\Vw\\l2(^.<(k\n\'/' + \\X^ 



The mapping is continuous in L^(0). By the above estimate and Rellich-Kondrachov's 
theorem, 7^ sends L?{Q) into a relatively compact subset of L'^{p). By Schauder's theorem, 
it admits a fixed point, say v = Vk, and Vk solves 

Lvk + gk{;Vk) = K in (3.17) 
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The functions belongs to Cc'^ {VL), since A„ and are bounded. Multiplying by Vk and 
using (3.14) (one notices that the two inequalities are uniform with respect to fc), yields 
to 

«||Vt;fe||i2(n)< (e|n|V2 + ||A„|| 

L2(Q) ) lbfe||L2(Q), 

since rg{x,r) > — 6 |r|, for some verifying 

< e < sup{\g{x,r)\ : x € n, -r^ < r < ro}. (3.18) 

1 2 

Hence the set of functions {ffc} remains bounded in Wq' {Q) independently of k. 

Step 2 Uniform estimates. In order to prove that there exists some k such that satisfies 

i^Vk^ g{-,'»}i) = ^n in J^. (3.19) 

it is sufficient to prove that is uniformly bounded in J7. The technique used is due to 
Moser [79]. For > 1, \vkf~^V}i belongs to WQ'^(r2). For simplicity we denote it by -y^, 
thus 

^hivk.v^^^ / gkix,Vk)vldx = / Xnvldx. (3.20) 
JQ. Jn 

But, using (2.2) and (2.5), 

ALivk,vi) > ae f \Vvk\^vl-Hx + Y\ I ibi + eci)vl^dx+ [ dvl^^dx 



where Hi = Ci — hi and 



/ gk{x,Vk)vldx> ~Q I \vkfdx. 
JO, Jn 



By using the previous estimates and Gagliardo-Nirenberg's inequality, it follows that, for 
some (T > and > depending on but not on A;, there holds 

II ||6»+i ^ n n ii ii^'+i 

(6'+ 1)2 ll^^llL(e+iW(n-2)(n) S ^^llli^fcllLe+nn) + *-^2||?^fc||ie+i(Q) 

< C3max{l, 

Putting a = n/{n - 2), 7 = 6' + 1, 

hk\\L-i{n) < Cy^72/^max{l, \\vk\\L-y(^Q)}. 
Iterating from 7 = 2, we obtain 

lbfcllx,a™+i^(n) < Cf=°" 2^r=o^" ' max{l, ||?;fc||^2(Q)} 
< Cemaxjl, ||?;fc||^2(f2)}- 
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Consequently |t'fe(x)| is uniformly bounded by some ko. Taking k > kg, is a, solution of 

Lvk + gi.,Vk) = Xn in J^. (3-21) 

In order to emphasize the fact that Vk is actually independent of k, but not on n, we shall 
denote it by Un- 

Step 3 Uniform integr ability. It follows from Step 2 that g{.,Un)un is integrable in CI 
and the same is true with g{.,Un), because of (3.14). The space Ci'^(il) is a subspace of 
W^'^iP), therefore (3.16) implies 

/ {unL*C, + g{x,Un)C,)dx = / XnCdx, (3.22) 
Jn Jn 

for every C e Cc'^m. By Theorem 2.4, for any ( G Cc'^(n), C > 0, one has 

/ {\un\ L*C + siga{u^)g{x,Un)0 dx < [ |A„| (dx. (3.23) 
We take ( = r]i as Lemma 2.5, and derive from (3.12), 

ll^nllLi(n) + l|P9nf(-,'"n)|lLi(n) < & J^Pandx + Ci WpgnXnh^n) ■ (3-24) 
Consequently, by using (3.4) in Proposition 3.2 and (3.9) in Theorem 3.5, 

ll'"n|lM("+«)/("+«-2)(n;p«^) ^ ^2 \\Xn — 9{-jUn)\\rffi(^^.pa^) < C3 (q + 1 1 Pan -^n 1 1^1(^7)^ • (3.25) 



By the local regularity result of Corollary 2.8, there exist a subsequence {un^} and a 
function u G ^;oc(^)) for any I < q < n/{n — 1), such that — > u a.e. in O and weakly 
in Wl^^{n). Notice that W^^^iQ) can be replaced by M^o''^(0) if a = 0, by Theorem 2.7. 
Combining (3.24) and estimate (2.39) with /x„ = and A„ replaced by — g{.,Un), one 
obtains that, for any Borel subset a; C there holds 

/ \Un\dx< [C'\^\+C[\\pg^\n\\Liin))\>^\^^^ , 

if p > n. Thus, by the Vitali Theorem, it can also be assumed that Un^, — -u in L^{Q,). 
Furthermore, for any R>0, 

\g{;Un)\Pandx < g{\Un\)pg^dx 

Ju! Jul 

< I ~g{\Un\)p'lJx+ f ~g{\Un\)p'',Jx 

J UJr]{\Un\<R] JLOr\{\Un\>R} 
f' /"OO 

< ~g{R) / p-^dx- / ~g{s)den{s), 
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where 

0n{s)= [ Peni^)dx < 

J {xeCl:\un\>s} 

by (3.7). Moreover 

poo poo 

- / gis)ddnis) = giR)eniR) + / enis)dg{s) 
Jr Jr 

poo 

< giR)9niR)+C s-{n+a)/{n+a-2)^^^ 

Jr 



M{n+oc)/(n+a-2)(Q.pa ) 



oo 
R 

< g{R)en{R) - C3(i?)i?-("+°)/("+°-2) 



< 



n + a 

Since condition (3.9) is equivalent to 



C{n + a)_ 2(n+a-l)/(n+a-2)^^ 

n + a-2jji ' 

C(n +_nO r .^^^^_2in+a-mn+a-2)^^_ 
JR 



/oo 
^(s)s-2("+°-i)/("+"-2)ds < OO, (3.26) 



given e > 0, we first choose R > such that 

C(n + a) 



n + a — 2 J ^ 
Then we put (5 = e/(2(l + g{R)) and derive 



poo 

/ 5(s)s-2{n+a-l)/(n+a-2)^^ < ^^2. 

JR 



Jul J (jj 



Therefore {pg^g(.,Un)} is uniformly integrable, and we can assume that the previous 
sequence {rih} is such that 

lim / \9nki-,Un^)-9{;u)\pg^dx = 0^ / \gn,{.,Un^) - g{.,u)\pg^dx = 0, (3.27) 

since a G [0, 1]. Letting — oo in (3.22), one obtains 

/ {uL*C + g{x,u)C)dx= f CdX. (3.28) 
JQ JQ 

□ 

Since the uniform integrability conditions depends only on the total variation norm of 
the measure Pg^\, the following stability result holds. 
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Corollary 3.8 Let Q and a be as in Theorem 3.7, g satisfy the [n^ a) -weak- singularity 
assumption and r i-^ g{x,r) is nondecreasing, for any x G $7. Then the solution u is 
unique. If we assume that {A^} is a sequence of measures in 9Jt(Jl;p"j^) such that 



lim / C,d\m = lim / (dX, 



for any C G C{^1) satisfying sup^Pg^^lCl < oo, then the corresponding solutions Um of 
problem 

LUm + g{x, Um) =\m inVt, 

(3.29) 

Um = on do,, 

converge in L^{^) to the solution u of (3.1), when m — ^ oo. 

Remark. If g{x,r) = \r\'^~^r, the (n, Q;)-weak-singularity assumption is satisfied if and 
only if 

n + a , , 

0<q< -. (3.30) 

n + Q;-2 ^ ^ 

3.2 Admissible measures and the A2-condition 

Definition 3.9 Let 5 be a continuous real valued nondecreasing function defined in M_|_, 
g >0. A measure A in J7 is said {g, A;)-admissible if 

/ 5(<G2(|A|) + fe)p,^da;<oo, (3.31) 
Jn 

where G^dAj) is the Green potential of A and A; > 0. 

Theorem 3.10 Let Q be a bounded domain in M", n > 2. L an elliptic operator 
defined by (2.1), and G (7(^2 x M). We assume that L satisfies the condition (H), and g 
(3.12) for some tq > and (3.14) for some function g as in Definition 3.9. Then for any 
{g,ro) -admissible Radon measure A G DJt{Q; Pg^), Problem (3.1) admits a solution. 

Proof. For k > 0, we take the same truncation gk{-,r) of g{.,r) defined by (3.15). Since 
gk satisfies (3.13) and (3.14), we denote by Uk a solution of 

Luk + gk{x,Uk) = X in r2, 

(3.32) 

Uk = on d^l, 

which exists by Theorem 3.7. As in the proof of Theorem 3.7 the following estimates hold, 
ll^fcllLi(n) + \\Pan9k{;Uk)\\Li(n) < Q J^Pandx + Ci \\PgnX\\^^^^ , (3.33) 
where 8 is defined by (3.18), and 

||^^fc|lM{"+i)/(— i)(n;pg^) < C'a (© + WPs^iMIl^q)) ■ (3-34) 
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By Corollary 2.8, there exist a subsequence {ukj} and a function u G W^^^{^1.), for any 
1 < q < n/{n — I), such that U);. — >■ u a.e. in f2 and weakly in W^^^{^). Moreover 
9kji-,'>^kj) 9{-:U) almost everywhere in Q. Put 

u;a+ =(Gg(A+)+ro. 

Then 

L{uk - WX+) + gk{x, Ufe) = A - A+, 
and, for any C e Cc'^m, C > 0, 



/ (uk - wx+)+L*Cdx + / gk{x, «fc)sign+(uk - WA+)Cdx 

r (3.35) 



by Inequality (2.40). Since the boundary term in (3.35) vanishes, and w\j^ > ro, there 
holds g'fc(x, iifc)sign_|_(uk — wa_,_) > 0, which implies 

/ {uh-wx+)+L*C,dx<Q. 
Jn 

Taking C = Vi defined by (2.24) (with u = 1, hence L*i]i = 1), yields to {uk — i«a+)+ = 
a.e. in ^. Thus 

Uk < = Gg(A+) + ro. 

In the same way 

Uk>-Gl{X_)-ro. 

Therefore 

\uk\ < G2(|A|) + ro ^ \gkiuk)\ < gi\uk\) < 5((Gg(|A|) + ro). (3.36) 

Because the right-hand side of (3.36) belongs to L^{Cl; pg^dx), the sequence {gk{-,Uk)} is 
uniformly integrable for the measure Pg^-^dx. As in the proof of Theorem 3.7, we conclude 
by the Vitali Theorem that li is a solution of (3.1). □ 

The condition of (g, ro)-admissibility on A is too restrictive if the function g has a strong 
power growth, in particular it leads to exclude some A which are regular with respect the 
n-dimensional Hausdorff measure, even if we know, from the Brezis and Strauss Theorem 
(see Theorem 3.7-Step 1), that Problem (3.1) is solvable for such measures. A natural 
extension is to impose only the {g, ro)-admissibility on the singular part A^ of the measure. 
However, a generic power-like growth condition called the A2-condition is needed. 

Definition 3.11 A real valued function G (7(Q x R) satisfies a uniform A2-condition if 
there exist two constants £ > 0, 6 > 1 such that 

\g{x,r + r')\<e{\g{x,r)\ + \g{x,r')\) + £, Vx e J^, V(r, r') € R x R. (3.37) 
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Theorem 3.12 Let and L be as in Theorem, 3.10. Assume g G (7(17 x M) satisfies 
the A2- condition, r ^ g{x,r) is nondecreasing for any x G Q and (3.14) holds for some 
function g as in Definition 3.9. For any Radon measure A G 9Jl(fi; Pg^), with A = A + A*, 
where A G L^{VL; p^^dx), and A* is {g,0)- admissible and singular with respect to the n- 
dimensional Lebesgue measure, Problem (3.1) admits a unique solution. 

Proof. Uniqueness comes from the monotonicity of r 1— > g{x,r). 

Step 1 If we write g{x, r) = g{x, r) — g{x, 0) + g{x, 0) = g{x, r) + g{x, 0), then the equation 
is transformed into 

Lu + g{x, u) = A — g{x, 0) = A, 

where r g{x,r) nondecreasing and g{x,0) = 0. Notice that |^(x,0)| < ^(0) by (3.14), 
and that A* is singular with respect to \ — g{x,0). Finally the new function g satisfies 
Inequality (3.37) with the same 9 and £ replaced hy i = i + {29 + 1) \g{0)\, and (3.14) 
with g replaced by ^ + 1^(0) |. From now wc shall suppose that the function g satisfies 
g{x,0) = for any x £ fl. We introduce the truncation gk{.,r) by (3.15). The truncated 
function gk satisfies also (3.37) (with 6 replaced by 1 + 9). 

Step 2 We suppose that A is nonnegative. Then A and A* inherit the same property. Let 
{Aj} be a sequence of smooth nonnegative functions with compact support in J7, converging 
to A in the weak sense of L?-{Vt; Pg^). Let Ui^^ be the solution of 

Lui^k+gk{x,Ui^k) = h+'>^* in J^, 

(3.38) 

Mj fe = on 50, 



and Vi k the one of 



Lvi^k + gk{x, Vi^k) = Aj in 

= on dVL. 



Both solutions exist by Theorem 3.10. By the maximum principle 

< Ui,k < Vi,k + <Gg(A*), (3.40) 

and by the monotonicity of gk and (3.37), 

< gk{; Ui,k) < 9 {gk{., Vi,k) + gki; Gg(A*))) +£<9 {gk{., Vi,k) + 5(<G2(A*))) + L (3.41) 

By Theorem 3.10), if i is fixed and k ^ 00, the sequence {vi^k} converges weakly in 
^loci^) ^ solution Vi of 

Lvi + q(x, Vi ) = Aj in fl, 
Vi = on do.. 

Since the Vi^k are uniformly bounded with respect to k, the same property holds with the 
gk{vi,k)j hence their convergence to Vi and g{.,Vi) are uniform in 0. Because of (3.41) and 
the elliptic equations regularity theory, the sequence is relatively compact in 
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the VFj]|j'^(r2)-topology. Thus there exist a subsequence {ui^^.} and a function Ui such that 
Ui,kj Ui as kj ^ oo in this topology and a.e. in O. By continuity, gkji-,Ui^kj) di-iUi) 
a.e. in Q,. Because of (3.41) and the (p, 0)-admissibihty condition on A*, Lebesgue's 
theorem imphes that 

J^^^^gk,{;Ui,kj) = 9{;Ui) in L^{n;pg^dx). 

It follows from inequaUty (3.40) that Ui^kj ^ Ui in L^{Ti) (we recall that G2(A*) G L^{Tl)). 
Letting kj — oo in (3.38) we see that Ui is the solution of 



Lui + g{x, Ui) = Aj + A* in Q, 
Ui = on d^}. 

By uniqueness of Ui the whole sequence Ui^k converges to Ui as k ^ oo. Moreover 
(i)0 < Ui < Vi + G^{\*), 

(^^) < g{., Ui) < 9 {g{.,Vi) + 5(Gg(A*))) +i<9 {g{.,Vi) + 5(Gg(A*))) + 1 
By Theorem 2.4 with C = G2{1), 



< C 



Ai — Xj 



Li(n) 



(3.43) 



(3.44) 



(3.45) 



H-Vj\\L^n) + \\9i;Vi)-9i;Vj)\\Li(^n;pg^dx) 
Therefore Vi ^ v in L^(0) and g{.,Vi) g{., v) in L^(Q; pg^dx) where v is the solution of 

Lv + g{x,v) = X in $7, 
V = on dQ. 



(3.46) 



By (3.44)-(i) there exists a subsequence {uj^} which converges in L^{Q) and a.e. in Q to 
some function u. Because of (3.44)-(ii), the admissibility condition on A* and the Vitali 
Theorem, the sequence {g{.,Ui.)} converges to g{-,u) in L}{Q.; pg^dx). Thus u is the 
solution of (3.1). 

Step 3 In the general case we construct the solution Ui^k of (3.38) and the functions 
U = Ui,k and U = solutions of 



LU + gk{x,U) = A in 

U = on d^}. 



(3.47) 



where A 



A. 



+ I A* I in the case of Ui u and A 



A,; 



I A* I in the case of U j j^.. We also 



construct the solutions V = Vi^i^ and V = v.ik the same equation with A 



case of Vi k and A = — 



A, 



in the case oi Hij^. Since 



VLk-<^Lm) <Ui,k<Vi,k + G''d\\*\), 



in the 



(3.48) 



and 



e {gk{.,v^,k) + 9{■.<{- - n- < gk{.,ui,k) < e {gk{.,vi,k) + g{.,G2{\x*\))) +€(3.49) 

we conclude by using the Vitali Theorem and the convergence arguments of Step 2. □ 
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3.3 The duality method 



Let Q he a domain in and L is an elliptic operator in $7. In this section wc study 
the sharp solvability of Problem (3.1) when g{x,r) = \u\'^~^ u with q > 0. For this type 
of nonlinearity, the (n, 0)-weak-singularity assumption is satisfied if and only if < g < 
n/(n — 2). Thus we shall concentrate on the case n > 3 and g > n/(n — 2) and for such a 
task the theory of Bessel capacities is needed. 

3.3.1 Bessel capacities 

Let p > 1 be a real number and p' = p/{p — \). If m in an integer we endow the Sobolev 
space VK™''*'(M") with the usual norm 

\|7|<m ^ 

and we introduce the associated capacity Cm,p by 

Cm,piK) = inf {||</.||P,^,,(jj„) : G C~(M"), > 1 in a neighborhood of K } , 
if K is compact, 

Cm,p(G) = sup {Cm,p{K) : K CG, K compact } , 

if G is open, and 

C„,,p{E) = M{Cm,p(.G) ■ECG,G open } , 

for an arbitrary set E. The scale of Sobolev spaces is not accurate enough to describe the 
subets of R" by means of their capacities. If a is a real number, we introduce the Bessel 
kernel of order a by 

G„ = J^-' ((1 + (3.50) 
were J^~^ is the inverse Fourier transform on the Schwartz space »S'(R"). If 

g„ = (i-A)-"/2, 

there holds the Bessel potential representation 

f = Qa9 = Ga*9^9 = g-a9 = G-^*f V/, 5 G 5(R"). (3.51) 

Definition 3.13 Let a and p > 1 be two real numbers. The Bessel potential space of 
order a and power p is 

^a,P(M-) = {/:/ = G« * 5, 5 e i/(R")} , 

with norm 

II/IIl«.J'(]R") — I|5|Ilp(]R") = \\G-a * /|Ilp(]R")- 
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As usual, Lo'P'(M") denotes the closure of C^{W') in Thanks to a result due 

to Calderon, the functions in ^^"^'^(M") can be represented by mean of Bessel potentials. 
Actually for any a G N* and 1 < p < oo, W"''P{M."-) = L"'P(W^) and their exists a positive 
constant A such that 

< < V/ G W-'P{W'). (3.52) 

By generalization (see [28] for a general construction of capacities) , the Bessel capacity of 
order {a,p) (a > 0, p > 1) of a compact set K is defined by 

Ca,p{K) = inf I ||</)||^.,p(jj„) : (/) e <S(M"), (/> > 1 in a neighborhood of if } , (3.53) 

with the same extension to open sets and arbitrary sets as for Sobolev capacities. A dual 
definition involving measures is the following [1] : 

C^^^iK) = sup I (-—^ ] :fiGm+iK)], (3.54) 

Y ||<Ja * A'IIlp'(M") / J 

where 9Jt+(-fC) is the set of positive Radon measures with support in K. An important 
result due to Maz'ya (see [1]) states that the following expression 

Ca,p{K) = inf : (p G 5(M"), 4> = 1 in a neighborhood of if } , (3.55) 

defines a new capacity which is equivalent to the Ca^p-capacity in the sense that there 
exists a positive constant B such that 

B-^Ca,p{K) < Ca,p{K) < BCa,p{K), 

for any compact subset K. In the particular case of sets with zero capacity, the following 
useful result holds. 

Proposition 3.14 Let a>0,l<p<oo, Kbea compact subset o/M" and O an open 
subset containing K. If Ca,p{K) = 0, there exists a sequence {(pn} C C^{0) such that 
< (f>n ^, <f>n = ^ in a neighborhood of K and ^ in L°''P(W^) as n ^ oo. 

By using smooth cut-off function with value in [0,1], support in a neighborhood of 

K and taking the value 1 in a smaller neighborhood of if, the proof of this result is 
straightforward if a is an integer, and more delicate if not (see [1, Th. 3.3.3]). 

Definition 3.15 Let a > and 1 < p < oo. 

(i) A property is said to hold C^^p-quasi everywhere if it holds everywhere but on a set of 

Co,p-capacity zero. 

(ii) A function (j) defined in M" is said to be C„,p-quasicontinuous if for any e > 0, there is 
an open set G C with Ca,p(G) < e and / e C(G^). 
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(iii) Let O be an open subset of and A G Tl{0) . The measure A is said not to charge 
subsets of O with C^^p-capacity zero if 



yEcO,C^,j,{E)=0^ f d\X\ = 

Je 



0, 



where, d\X\ denote in the same way the unique complete regular Borel measure generated 
by the Radon measure |A|. 

It is proven in [1] that for any a>0, l<p<oo and g £ L'P{il), the function * 5 is 
Ca,p-quasicontinuous. Therefore, any element (f) G L°'*'(R") admits a (unique) quasicon- 
tinuous representative, (j). Furthermore, from any converging sequence {4'n\ C L"'P(R") 
it can be extracted a subsequence {0n} which converges C^^p-quasi everywhere. The link 
between the measures which do not charge capacitary sets and elements of negative Bessel 
spaces is enlighted by three results. The first one is due essentially to Grun-Rehomme [50] 
(see also [1]). 

Proposition 3.16 Let a > and I < p < 00. If X e 9Jt(ri) n L-"'P(J^), then X does not 
charge sets with Ca,p' -capacity zero. 

Proof. By the Jordan decomposition Theorem of a measure, there exist two disjoint Borel 
subsets A and B such that 

Al\B = Q, A+(B) = 0, A_(^) = 0. 

Let E dW^ with Cct,p'{E) = 0. With no loss of generality E can be assumed as being a 
Borel set. It is therefore sufficient that A+(A D E) = X-{B f] E) = 0. Because 

A+(^ r]E) = sup{A+(E:) : K compact ,k(Z AUE}, 

it is sufficient to prove that for any compact subset K C ACi E, X^{K) = 0. Let e > 0, 
since X-{K) = 0, there exists an open subset w of containing K such that A_(a;) < e. 
Let f] € C^{lj), with value in [0,1] and equal to 1 on K. By Proposition 3.14, since 
Ca,p'{K) = 0, there exists a sequence {</>n} C C^(r2), of functions with value in [0,1], 
equal to 1 in a neighborhood of K and such that ^ in L"'^ ($7) as n ^ 00. Then 

/ dX+ < I (j)nr]dX+ < / (t)nr]dX+ = / (pnVdX + / (pnVdX-. 
Jk Jk Jj Jn Ju) 

>nridX- < / dX- < e. 



But 



and 



j^(t)nridX < j^^ndX = (A, ^„)j^_„,p^^a,p'] < ||A||i-a,p||^^||„^a,p', 

which goes to zero as — > 00. Therefore 

dA+ < e. 
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Since e is arbitrary, X+{K) = 0. In the same way X-{B D E) = 0. Therefore |A| (E) = 0. 
□ 

The second result is due to Feyel and de la Pradelle [42]. It shows the constructivity 
of certain measures which do not charge sets a given capacity of which vanishes. 

Proposition 3.17 Let a > and 1 < p < oo. If \ ^ 9Jt+(r2) does not charge sets with 
Ca^p' -capacity zero, there exists an increasing sequence {A„} C 9Jl^(f2)nL"~"^'*'(n), A„ with 
compact support in Q,, which converges to A. 

Proof. We first assume that A has compact support in Q,. Let 4> G Lq'^ ($7) and 4> its 
quasicontinuous representative. Since the function (/)_|_ is quasicontinuous too, the following 
functional is well defined on Lq'^ (fi), with values in [0, oo], 

P(</,) = I 0+dA. (3.56) 

If {(pn} converges to (j) in Lq'^ (fi), there exists a subsequence {^n/,} which converges 
C^^pz-quasi everywhere. Hence 



/ 0+dA < liminf / (pn+dX, 



by Fatou's lemma, and (j) ^ is lower semicontinuous. Since P is convex and positively 
homogeneous of order 1, it is the upper hull of all the continuous linear functionals it 
dominates, by the Hahn-Banach Theorem. 

Step 1 Let e > 0, and € -Lq'^ (p). Then we claim that there exists a positive Radon 
measure 6 belonging to L~"'^'(J7) such that < ^ < A, and 

/ (t>Qd{v -d)<e. (3.57) 

Clearly 

(</.o,P(</.o) -e)i Epi{P) = {(0,i) e L''/{Q) X M : t > P(</,)} . 

Since Epi{P) is a closed convex subset of Lq'^ (J7) x R, it follows by the Hahn-Banach 
Theorem that there exist a continuous form £ on Lq (J7) and two constants a and h such 
that 

a + bt + e{(f>) < 0, V((^, t) G Epi{P), (3.58) 

and 

a + 6(P(</.o) - e) + £((/)o) > 0. (3.59) 

But (0, 0) G Epi{P) ^ o < 0. Thus (3.59) holds with a = 0. If we apply (3.58) to (r^, rt) 
with T > arbitrary (such a couple belongs to Epi{P) since P is positively homogeneous) 
and let r — oo, it follows 

bt + < 0, V(^!), t) G Epi{P). (3.60) 
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In the particular case (p = and t > (possible since (0,t) € Epi{P), Vt > 0), it gives 
6 < 0. If 6 were zero one would have i((p) < for any i) G Epi(P), and in particular 
^{(t^o) < Oj which would contradict (3.59) if we impose 6 = 0. Since 6 < 0, we define 9 by 




V,^GL^'^'(0), 



and derive 

P(<^) > 9{<l>), (3.61) 

for any (p G Lq'^ ($7), since {P{(j)),4>) € Epi{P). In the particular case where ^ < 0, there 
holds d{4>) < 0. This means that ^ is a continuous positive linear functional on Lq'^ (Q), 
dominated by P. It defines a unique Radon measure, still denoted by 9, and (3.57) holds. 

Step 2 End of the proof. We assume now that A has no longer a compact support in fi. 
There exists an exhaustive sequence of open subsets {O^}, compactely included in Q such 
that 

^^fc c rife c ^k+i c ^k+i c . . . ri. 

We put Afc = X\nk- Wc apply the result of step 1 to Aj^, with e = 1/k and = 1 on $7^ and 
derive the existence of a positive Radon measure 9k G L"'^ (fi), with compact support in 
Q satisfying < ^fe < A and 

/ d{\-9k)<l/k. 

The measure A„ = sup{0i, 02, • • • , ^n} has compact support in Q, A„ < A„+i < A for any 
n, and 

lim / cdXm = f Cdx, VC G Cein). 

□ 

Corollary 3.18 Lei a > and 1 < p < oo. If X & 9Jl''(0) does not charge sets with 
Ca,p' -capacity zero, there exist a function X* G L^{Q) and a measure X G L~'"'^(n) such 
that 

A = A + A*. (3.62) 

Proof. By assumption, both the positive and the negative parts of A do not charge sets 
with Cq^p' -capacity zero. Therefore it is sufficient to prove (3.62) with A G Tt^{^). Let 
{A„} C L~°''P{Q,) n 9Jt+(ri) be the increasing sequence of measures with compact support 
in which converges to A weakly. We set 

Pj = Xj - Aj_i, for j G N*, and po = Xq. 

Then 

oo 
j=0 
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and the series converges strongly in the space 9Jt''(fi). In particular 



E 



w(n) 

j=0 



< oo. 



Let {r/felfceN, be a sequence of C°° nonnegative functions in M", with compact support in 
the open ball Sj.-i(0), satisfying 

/ r]kdx = 1. 
Jn 

For any j G N* there exists kj G such that for k > kj, pj^k = Pj * ^ C'^(O). Since 
Pj,k Pj as k ^ oo, we fix kj > kj such that 

oo 

We set pj^kj = Pi ~ Pj.fcj- The series ''^^Pj,kj is normaly convergent in L~"'^'(0) and, if A 

j=0 

denotes its sum, it belongs to L~'^'P{CI). Moreover 



\\Pj<kj\\Li(^^) - \\Pj *Vkj\\j^i^^'^ - llPillan*'(o)- 

oo 

Thus the series is normaly convergent in L^{n) with sum A*. The three series 



j=0 

oo oo oo 



^/9j, ^Pj,fcj and ^Pj,fcj converge in the sense of distributions in Q, therefore (3.62) 

j=0 j=0 j=0 

holds. □ 

Remark. If A > 0, it is the same with A*. Unfortunately it is not clear that A inherits the 
same property. Notice that A* and A may not be mutually singular. 

Another important and useful result concerning measures which do not charge sets 
with zero capacity is the following [29]. 

Theorem 3.19 Let a > and l<p<oo. //AG 9Jt+(ri) does not charge sets with 
Ca,p' -capacity zero, there exist v G SDt+(f2) fl L~"'^(J7) and a Borel function f with value 
in [0, oo) such that 

X{E) = [ fdv, ^Ecn, E Borel. (3.63) 
Je 

3.3.2 Sharp solvability 

The following theorem due to Baras and Pierre [9] characterizes the bounded measures 
for which the problem 

Lu + lul'^"^ u = X in 

(3.64) 

u = on dn, 

admits a solution. 
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Theorem 3.20 Let Q, be a C"^ bounded domain in M", n > 3, L the elliptic operator 
defined by (2.1) satisfying the condition (H), q > n/(n — 2) and X G 9Jt''(0). Then 
Problem (3.64) admits a solution if and only if X does not charge sets with C2,q' -capacity 
zero. The solution is unique and the mapping X^ u is nondecreasing. 

For proving this theorem we need the following regularity result. 

Lemma 3.21 Let and L be as in Theorem 3.20. Then for any 1 < p < co and 
X e W-'^^P{n)ndJ]!'{n), Gg(A) e LP{n). Moreover there exists C = C{n,L,p) > such 
that 



'^lW\\lp(Q) - ^\\M\w-'^'P{n)- 



Proof Put V = Gg(A), then 



/ vLXdx = [ (dX, VC e c^'^^in). 



Let G Co~(0), C = then 



vmax 



< IIAI 



by the iT'-regularity theory of elliptic equations. Hence v G and (3.65) follows. 

□ 

Proof of Theorem 3.20. (i) Assume that n is a solution of (3.64). Since G L^(r2) 

by Proposition 3.2, it does not charge set with C2,q'-capacity zero, which are negligible 
sets for the n-dimensional Hausdorff measure. Therefore Lu G 9Jt^(ri), and 



uL*(j)dx 



< ll^llL9(n)ll^*'?^llL«'(Q) ^ C'll'"IL9(Q)ll0llw^2,9'(n), 



for any (j) G C^{Vl). Therefore the measure Lu defines a continuous linear functional on 
Wq''^ {Vt). Consequently A is the sum of an integrable function and a measure in W~'^''^{VL). 

(ii) Conversely, we first assume that A is a positive measure. By Proposition 3.17 there 
exists an increasing sequence of positive measures Xj belonging to W^''^ converging to A 
in the weak sense of measures. By Theorem 3.10 there exists Uj solution to 



Luj + III, I* ^ 



u 







in fi, 
on d^. 



(3.66) 



Moreover uj is nonnegative and Uj > uj-i for any j G N*. For any ( G Cc'^(J^) there 
holds 



/ (ujL*C + u'^.C^dx= f CdXj 



(3.67) 
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Let u — limj_>oo Uj. If C > 0, we have, by the Beppo-Levi Theorem, 

/ {uL*C + u%) dx= [ (dX. (3.68) 
Jci Jn 

Hence u G L^{Cl) PI L^{Vt\ p^^dx) and u is the solution to Problem (3.64). Because A is 
bounded we have u € L'^ip) by Proposition 3.2. 

If A is no longer positive, A-|- and A_ do not charge Borel sets with C2.g'-capacity 
zero. Hence there exist two nondecreasing sequences of positive measures belonging to 
W~^'''(r2), and {Aj,_}, converging to A+ and A_ respectively. As in the proof of 

Theorem 3.10 wc truncate the nonlinearity by putting 5fc(r) =sign (r) min{fc*, |r|^} for 
A; € N*, and we denote by ■Ufe, (resp. Vk,+ and v^-) the solutions of 

Lv + gk{v) = u in ri, 

(3.69) 

V = on dn, 

when u = Aj^+ — \j- (resp. u = and v = Xj-)- By Theorem 3.7, — Ufc,- < < t'A;,+) 
which implies —gk(vk,-) < gk{vk) < gkivk,+)- When k — ^ oo, the sequences {wfc,+} and 
{vk,-} decrease and converge respectively to Uj^+ and the solutions of (3.64) with 
respective right-hand side Xj^+ and Aj,_. Moreover 

- (Gg(A,- _))^ < -gfe(Gg(A,- _)) < gkivk) < g^ (g2(A,- +)) < (g2(A,- +))^ . (3.70) 

Since the left and right-hand side terms are L^(r2)-functions, the sequence {gk{vk)} is 
uniformly intcgrable. As in the proof of Theorem 3.10, the sequence {vk} converges in 
L^(J7) to the solution Uj of (3.66) with right-hand side Xj^+ — Aj,_. Furthermore 

—Uj - < Uj < Uj^-\-, and — Uj _ < \uj\''~^ Uj < Uj 

Because {uj_^} and are monotone and converge in L'^(Q), the sequence {uj^} is 

uniformly integrable in L'^(O) and converges a.e. in O. Since Aj_+ — Xj - converges weakly 
to A in the sense of measures, there exists a function u G L'^i^), solution of (3.64). □ 

3.4 Removable singuleirities 
3.4.1 Positive solutions 

In this section Q, is an arbitrary open set in R". Let be a linear differential operator 
of order m (m G N*), defined by 

Lmu= Yl D^M, (3.71) 

Q<\a\<m 

where 

G L'f^ci^), Va G N", |a| < m. (3.72) 
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Definition 3.22 Let G C be open, u € Lj^^{G) and T a distribution on G. We shall 
say that u satisfies 

L^u = T (resp. L^n < T) in V'{G), (3.73) 
or, equivalently, that u is a distribution solution (resp. subsolution) of (3.73), if 

/ uL*^Cdx = (r,C) (resp. / uL*^Cdx < (T,C)), 

Jg Jg (3.74) 

VCGCf(G) (resp. VC G C-(G) , C > 0), 

where (., .) denote the duality pairing between T>'{G) and T){G), and the formal adjoint 
of Lm defined by 

L*mC= E (-l)'"'aa^°C- (3.75) 

0<|a|<m 

The following result is due to Baras and Pierre [9] . 

Theorem 3.23 Let m G N*, q > 1, F be a relatively closed subset of G, X a Radon 
measure which does not charge sets with Gm,q' -capacity zero and g a continuous real valued 
function which satisfies 

lim inf 5(r)/r'^ > 0. (3.76) 
Let u G Lj^^(Q \ F), such that u> and g{u) G L\^J^Q, \ F), he a solution of 

L^u + g{u) < A in V'{Q \ F). (3.77) 

Lf Cm,q'{F) = 0, then u G L]_^jyt), g{u) G Lj^JVL) and there holds 

LmU + g(u) < A in V'{Vl). (3.78) 

Proof. Step 1 Let C, G C^(ri), and K =supp(C). Since K fl F is a compact subset of 
Q with C„i,g'-capacity zero, it follows by Proposition 3.14 that there exists a sequence 
{^n} G C^(r2) such that < ^„ < 1, 0„ = 1 in a neighborhood oi K r\F and ^ as 
n — DO, in W'^''^ {Vl) and C^^g'-quasi everywhere. Therefore, Cn = (1 — ^n)C satisfies : 

(i) CnGC~(0\F), 

(ii) < Cn < 1, 

(iii) Cn ^ C in VF"*'^ (O) and Cj„^g/-quasi everywhere as n — oo, and the sequence is 

increasing. 

Step 2 We claim that g{u) G L]^^{9.). We take C G C^{Vl), C > and {Cn} be defined by 
the procedure in Step 1. Let p G N, p > mq' . Since Cn G C^(0 \ F), (3.77) implies 

/ {uL*^{0 + 9{u)en)dx< [ CdX. (3.79) 
Jn Jn 

Because Cn < C) there holds 

/ g{u)C^dx< [ Cd\X\ + [ u\L*^{0\dx. (3.80) 
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Since the are locally bounded, 



0<\a\<m 



The zero order term is estimated by 

1/9 / /• \ 



l^uC^dx < (^J^uK^dx^ " [J^Cdx^ < {J^'^'^ndx^ llCnlll^W(n). (3.81) 



If \a\ > 1, 



\a\ 



/31 + ... + /3. 



where the Cj and c^j,...,^^ are positive constants depending on the indices. Thus we are led 
to estimate a finite sum involving terms of the form 



A 



Jn 



dx. 



By Holder's inequality 



A<[ u%Pdx 
In 



/-p-jQ 
Sn 



D^^Cn-D^Kn dx) 



Because p > mq' > jq', it follows < Cn "'^ < 1. By applying again Holder's inequality, 
and using the fact that + ... + = |q;|, it follows 



dx 



By the Gagliardo-Nirenberg inequality, there holds 



A < C (^J^U%Pdx^ IICn|lvK-.,'(0)> 

from which derives 

J^giy'Kdx <Ci + C2 (^J^u%Pdx^ \\U\w^.\ny 

By assumption, there exist two positive constants a and h such that 

g{r^ > ar*^ — 6, Vr > 0. 



mi\o\ 



Therefore 



(3.82) 



(3.83) 
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Consequently, up to changing the constants Q, 

J^ig{u) + b)Qdx < Ci + C2 + bX^dx^ ||Cn||vK"',.'(n)- (3-84) 

Finally, the left-hand side integral remains bounded independently of n and we conclude 
by Fatou's lemma that (^g{u) + G Since is arbitrary, we find g{u) G L^^J^). 

The growth estimate on g implies also u G L^^^(O). 

5 We claim that (3.78) holds. Let C e C;?°(0), C > 0. By constructing the same 
functions as above, we have 

/ {uLl^C,n^9{u)Cn)dx< I CndX. (3.85) 
JO, Jn 

Since |A| does not charge sets with C,„.g' -capacity zero and (n — *■ C) C'mj^'-Quasi everywhere 
in CI, this convergence holds also |A|-a.e. in CI. By the Lebesgue Theorem 



n— >oo 



lim / CndX= / Cd\. 
In Jn 



Because g{u) is locally integrable in J7, 

lim / g{u)Cndx = / g{u)Cdx, 



and finally, the convergence of {(n} to C in W^'"^' (Q) implies the convergence of {L^Cn} 
to L'^^C in L«'(J^). Passing to the limit in (3.85) yields to (3.78). □ 

Remark. Contrary to the case of semilinear elliptic equations with an absorbing nonlin- 
earity, which will be studied in next section, the removability of F does not imply that 
the function u is regular in whole Q, : the singularity is just not seen at the distributions 
level. 

3.4.2 Semilinear elliptic equations with absorption 

The first result of unconditional removability of isolated sets for semilinear elliptic equa- 
tions with absorption term is due to Brezis and Veron [23]. It deals with equation 

-Au + g{u) = 0, (3.86) 

in \ {0}, where CI is an open subset of M" (n > 3) containing and g a continuous 
function. They proved the following. 

Theorem 3.24 Suppose g satisfies 

liminf5(r)/r"/("-2) > and limsupg(r)/ |r|"/("~^) < 0. (3.87) 

r *oo ^ — >— oo 

If u £ Lf^^{Cl \ {0}) satisfies (3.86) in the sense of distributions in Q\ {0}, there exists a 
function u G C^{CL) n Wf^l{Cl) for any 1 <p < oo, which coincides with u a.e. in Cl, and 
is a solution of (3.86) in whole CI. 
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The proof of this resuh is settled upon a particular case of a general a priori estimate 
discovered by Keller [53] and Osserman [83] separately. In this particular case, and in 
assuming that -6^(0) C ft, it reads 

\u{x)\<A\xf~"' + B, Vx G 5r/2(0) \ {0}, (3.88) 

for some positive constants A and B. From this estimate is derived the local integrability 
of in 17 and then of g{u). Finally, it leads to the fact that Equation (3.86) holds in 
the sense of distributions in O. The conclusion follows by the maximum principle (which 
implies the boundedness of u near 0), and the elliptic equations regularity theory. Later 
on, this result was extended by Veron [102] as follows : 

Theorem 3.25 Let S C O &e a complete and compact d-dimensional submanifold of class 
(1 < d < n — 2) and g is a continuous real valued function such that 

liminf5(r)/r('*-'^)/("-2-'^) > and limsup5(r)/ jrj^^-'^/^"-^-'^) < 0. (3.89) 

If u E Lf^^{^ \ S) satisfies (3.86) in the sense of distributions m \ S, there exists a 
function u G C^{VL) n VFf;^(f^) for any 1 < p < oo, which coincides with u a.e. in Q and 
is a solution of (3.86) in whole f2. 

Although more technical, the idea of the proof is similar to the one of Theorem 3.24, 
except that the a priori estimate (3.88) is replaced by 

|n(ar)| < y4(dist(a;,S))^""-'^ + S, Va;GG\S, (3.90) 

where G is open and bounded and S C G C G C The method developed by Baras and 
Pierre [9] is settled upon integral identity, without using pointwise a priori estimates as 
the previous authors do. 

Theorem 3.26 Let CI be a bounded open subset of M", n > 2, with a G^ boundary, L 
an elliptic operator defined by 2.1 satisfying condition (H) and q> 1. If F is a compact 
subset of Q., any solution u G L'j^^J^Q, \ K) of 

Lu+\u\'^~^u = {), (3.91) 

inQ\K, belongs to Ll^^{Q) and satisfies (3.91) in whole Vi, if and only if C2,qi{K) = 0. 
// this holds, u G W^^^{Q) for any I < p < oo, and (3.91) is satisfied a.e. in Q. 

Proof, (i) Let us assume that C2,q'{K) > 0. By (3.54), there exists a positive Radon 
measure A concentrated on K such that 

IG2 * fi\'^dx < 00. 

This means that A G W''^'i{C}). By Theorem 3.20, Problem (3.64) admits a solution in Q. 
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(ii) Conversely we assume that C2,q'{K) = 0. By Theorem 2.4, for any C € Cc' {n \ F), 
C > 0, there holds 



/ {\u\L*C + \u\''Odx<0. 
Jn 



Therefore v = \u\ is a subsolution of (3.91) in the sense of Definition 3.22. Since C2^q'{K) = 
0, we can extend v as a solution of (3.91) in whole il, and because K has zero Lebesgue 
measure, u G L'i^^{Q,). Let Cn = (1 — (pn)C be the functions defined in Theorem 3.23 for 
an arbitrary C G C^(fi) (we do not impose the positivity). Then — C in W'^''^ (O) and 
C2,g'-quasi everywhere. By assumption 



/ (uL*(n + 1^*1'' ^ U(,n^ dx = 0. 



By Lcbcsguc's theorem, |n|^ ^ u(n \u\'^ ^ u( in L^(p,). Moreover L*(^n L*C, in L'^' [Q). 
Therefore, by letting n — > oo, it is infered that 

/ («L*C + kl^"^ dar = 0, (3.92) 

which proves that (3.91) holds in $7. Let G be any smooth open domain containing K 
and such that G C O. For /3 > small enough we put Gp = {x G G : dist (x, dG > /?}, 
and Fp = {x e G : dist {x,dG) = (3} = dGp. There exists /3o such that Tp is a smooth 
surface in R". Because u G L'^{G\Gpq), it follows, by Fubini's theorem, that n|r^ G L''(r^) 
(endowed with the (n — l)-dimensional Hausdorff measure), for almost all f3 G [0, /3o]- We 
fix a /3 such that this property holds and denote by V the Poisson potential of M+|r^ in 

Gp. By (2.22), for any ( G Cc^{Gp), C > 0, there holds 

[ ({u-V)+L*C + {u-V)+\u\'^~\c)dx < - [ -^{u-u+)+dS. (3.93) 

Taking C = G^J''(1) implies {u - y)+ = in Gp. Thus n < F in Gp. Since V G Lf^JGp), 
the same property holds with Since G is arbitrary, n+ G L'^^{Q). In the same way 
n_ G L^^^(ri). We conclude with the elliptic equations regularity theory that u G W^^^{Q,). 
□ 

Remark. The following extension of Theorem 3.26 is easy to establish : Let g be a contin- 
uous real valued function which satisfies 

lim inf (j((r)/r* > and limsup^(r)/ |r|^ < 0, (3.94) 

for some q > 1. Let A G 93T(r2) which does not charge sets with C 2 ^qi -capacity zero and K 
a compact subset of Gw with C 2, q' -capacity zero. Then any function u, locally integrable 
in Cl\K and such that g{u) G L^^J^Q, \ K), which verifies 



Lu + g{ti) = A, (3.95) 
in V'{^ \ K), can be extended as a solution of the same equation in I?'(0). Furthermore 

loc^ 



g{u) G C(r2) and u G W,^'^(ri), for any 1 < p < 00. 
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3.5 Isolated singularities 

The description of the behaviour of solutions of semihnear elhptic equations near an iso- 
lated singularity deals with the following question : let u be a solution of 

Lu + g{u) =0 {0}, (3.96) 

where Jl is an open subset of M" containing 0, L a elliptic operator under the form (2.2) 
and g a continuous real-valued function, can one describe the behaviour of u{x) as x — > 
? When L = —A and g = 0, it is known that u admits an expansion in series of spherical 
harmonics. For the equation 

- Au+|u|«~^u = inJ^\{0}, (3.97) 

{q > 1), much work on this subject has been done by Veron in [101]. Notice that if 
q > n/{n — 2) Brezis-Veron's result (see Theorem 3.24) applies and the function u is 
in whole Q. When 1 < q < n/{n — 2) this is no longer the case. For example there exists 
an explicit radial singular solution of (3.97), 

X ^ Us{x) = £q,n \x\~'^/ ^'^'^'^ (3.98) 

defined in M" \ {0}, where 

2g 



. (3.99) 

When 1 < q < (n+l) /(n—l) there exist separable singular solutions. For expressing them, 
let (r, (t) be the spherical coordinates in M" and Agn-i the Laplace-Beltrami operator on 
the unit sphere S'^~^ := {x € M" : |x| = 1}. If 1 < g < (n + l)/(n — 1), one has 
^g,n > n — 1 = Xi{S"'~^), the first nonzero eigenvalue of A^n-i. Therefore, the classical 
variational analysis applies and there exist non-trivial solutions of 



- A^n-ia; - iq^nOJ + a; = in 5""^ (3.100) 



Hence the function 



x ^ Uu,{x) = Uu;{r, a) = r'^/^'^-^^uia) (3.101) 



is a singular solution of (3.97). Notice that Ug is one of these solutions. Furthermore the 
constants £q^n and —iq^n are the only solutions of (3.100) which have a constant sign. The 
following result is proven in [101]. 

Theorem 3.27 Let 1 < q < n/{n — 2) (q > 1 if n = 2) and u be positive solution of 
(3.97) in some open set O containing 0. Then, 

(i) either 

lim^ u{x) = tq^n, (3.102) 
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(ii) or there exists some c > such that 

lim |a;|"~^u(x) = c, (3.103) 

a;— >0 

ifn>3, and \x\"'~'^ replaced by l/ln(l/|x|) in the above formula if n = 2. Furthermore 
u is a solution of 

-Au + u'^ = Cnc5o in V'{n), (3.104) 
for some positive constant Cn depending only on n. 

There are several proofs of this result, based either on a sharp use of the radial case 
and the Harnack inequality, or on a Lyapounov style analysis. If the function u is no 
longer supposed to have constant sign, it is proven in [101] that the above dichotomy still 
holds provided (n+l)/(n — 1) < q < n/{n — 2). However (i) has to be replaced by 

(i') either 

lim Ixp/^-'-i) u{x) = £ G {Ig^n, -£g,n}, (3-105) 
X— +0 

and (ii) by 

( ii ') or there exists some real number c such that 

lim\x\''~^u{x) = c, (3.106) 

I— >o 

(if n> 3, with the classical modification if n = 2). Moreover u is a solution of 

- Au + u = CncSo in V'{n). (3.107) 
Actually, the Lyapounov analysis leads easily to a more general result [27] . 

Theorem 3.28 Let 1 < q < n/{n — 2) and u be solution of (3.97) in some open set Q 
containing 0. Then there exists a compact and connected subset £ of the set of solutions 
of (3.100) such that 

limdistc2(sn-l^(r2/(5-^)M(r,.),^) = 0, (3.108) 

where dist (72(5n-i) denotes the distance associated to the C^{S"'~^)-norm. 

This result leaves open two difficult questions : 

1- Does it exist a particular element u e £ such that 



lim 

r-->0 



= 0? (3.109) 

C2(5"-i) 



2- What is the precise behaviour of u when £ = {0} ? 

Besides the results above mentioned proven in [101], the two questions have been 
thoroughly answered in [27] in the two-dimensional case. 
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Theorem 3.29 Assume n = 2, q > 1 and u is solution of (3.97) inQ,\ {0}. Then there 
exists a 2'K-periodic junction to, solution of 



da^ \q-l 
such that (3.109) holds on . 



a; + |a;|*~^a; = (3.110) 



Theorem 3.30 Under the assumption of Theorem 3.29, if u = 0, let ko be the largest 
integer smaller than 2/{q — 1). Then 

(i) either there exist an integer k G [1, ko] and two constants and (j) E such that 

lim r''u{r, a) = A sm{ka + (f)), (3.111) 
) — >o 

in the C'^{S'^~^) -topology, 

(a) or there is a nonzero c such that 

lim it(r, (j)/ ln(l/r) = c, (3.112) 
1 — >o 

in the C'^{S"~^) -topology, 

(Hi) or u can be extended as a solution of (3.97) in whole J7. 
In cases (ii) and (Hi), u is a solution of (3.107) in V'(fl). 

The proofs are extremely technical and use, in a fundamental manner, the Sturmian 
argument about the oscillations of solutions of 2 dimensional elliptic equations jointly with 
the Jordan curve separation Theorem. 

Many of the above results can be extended in a standard way to elliptic equations of 
the type 

Lu+|u|*~^u = 0, (3.113) 

where L is the elliptic operator defined by (2.1) subject to condition (H), and assuming 
aij{x) = aji{x), an assumption which is not a real restriction. If we fix a linear change of 
variable in R", y = y{x), and write u{x) = u{y), then 

/ , mbkj- 



where 



Then 



dxidxj ^ oyioyk 



, dya 

i,j ■> k,l i,j 
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Since the matrix (aij(O)) is symmetric, the 6^/3 can be chosen such that 

^aij{0)biibkj = 6ki. 

With this transformation most of the above results can be restated with the variable y 
replacing x. For example Theorem 3.27 transforms into 

Theorem 3.31 Let \ < q < n/{n — 2) and u he positive solution of (3.113) in some open 
set Q, containing 0. Then, 

(i) either 

hm lyl^/^-J-i) u{y) = V, (3.114) 

(a) or there exists some c > such that 

\im\yr^u{y)=c, (3.115) 

in which case u is a solution of 

Lu + u" = Cn,Lc6o in P'(0), (3.116) 
for some positive constant Cn,L depending only on n and L. 

The description given by (3.105) of isolated singularities in the case of signed solutions of 
(3.113) holds in the new unknown u and variable y, provided (n+l)/(n— 1) < q <n/ (n— 2), 
and similarly the method which gives (3.108) applies without restriction. However the 
sharp analysis of the the limit case q= (n + l)/(n — 1) when the limit set is reduced to 
the zero function cannot be covered by this rough analysis. Moreover, the extension of 
the results given in [27] (even in the non-critical cases where 2/(g — 1) is not an integer) 
has not yet been done. 

3.6 The exponential and 2-dimensional cases 
3.6.1 Unconditional solvability 

As we have seen it above, the Benilan-Brezis weak-singularity assumption [11] is mean- 
ingless in the 2-dimensional case for solving semilinear elliptic equations with bounded 
measures : the (n, 0)- weak-singularity assumption imposes n > 3 in Definition 3.6. If 
C is a smooth bounded domain, L an elliptic operator, 5 G C(r2 x M) is an absorbing 
nonlinearity and A G 9Jt''(0), a specific approach, developped by Vazquez [94], is needed, 
for solving 

Lu + qix,u)=\ in il, 

(3.117) 

u = on d^. 
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Definition 3.32 Let g G C([0,oo)), g>0. We denote by 

a+{g) := inf |a > : ^ g{s)e-'''ds < ooj , (3.118) 

the exponential order of growth of g at infinity. 

If 5* G C(( — cx), 0]), g* < 0, the exponential order of growth of g* at minus infinity is 
by definition the opposite of the exponential order of growth at infinity of the function 
r I— —g*{—r), thus 

a_(/) :=sup|a<0:y /(s)e'''ds > -ooj . (3.119) 

Those two quantities may be zero (for example if 5 is a power), finite and nonzero ( if 5 
is an exponential) or infinite (if ^ is a super-exponential). 

Definition 3.33 A real valued function 5 G C(r2 x M) satisfies the 2- dimensional weak- 
singularity assumption., if there exists ro > such that 

rg{x,r)>Q, V(a;, r) G x (-00, -ro] U [ro, 00), (3.120) 

and two nondccrcasing functions gi G C([0,oo)), gi > 0, with zero exponential order of 
growth at infinity, and ^2 £ C({—oo, 0]) , 32 < 0, with zero exponential order of growth at 
minus infinity such that 

g{x,r)<~gi{r), V(a;, r) G x M+, (3.121) 

and 

92{r) < 9{x, r), V(x, r) e n x M_. (3.122) 
Notice that the zero exponential of growth assumptions can be written under the form 

(51 (s) - hi-s)) e-^'ds < 00, Va > 0. (3.123) 



f 

Jo 



'0 

Theorem 3.34 Let ft C M."^ be a C"^ bounded domain and G C(0 x M) satisfy the 2- 
dimensional weak- singularity assumption. For any A G 9Jtb(^) Problem (3.117) admits a 
solution. Furthermore, 5 is invariant if we replace g by £g, for any £ > 0. 

One of the tool of the proof is John-Nirenberg's theorem [47, Th. 7.21]. 

Theorem 3.35 Let G be a convex open domain in M" and v G W^'^{G). Assume that 
there exists K > such that 

I \Vv\ dx < Kr''-\ Va G G, Vr > 0. (3.124) 

JGnBria) 

Then there exist two positive constants C and fiQ, depending only on n, such that 

J exp (^-^ \v - vg\^ dx<C (diam(G))" , (3.125) 

where /x = /xo |G| (diam(G))~'", and vq = 7777 / vdx. 
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Notice that for any bounded domain G C M", diam(G) = diam(conv G). Then the 
following consequence of Theorem 3.35 is valid. 

Corollary 3.36 Let G be a bounded open domain in and v G W^'^{G). Assume that 
there exists K > such that (3.124) holds. Then there exist two positive constants G and 
fxo, depending only on n, such that (3.125) holds with fi = ^lq |conv G\ (diam(G))~" and 

VG replaced by Vconv G = i 777 / vdx. 

|conv G\ J a 

Proof of Theorem 3.34- Step 1 Approximation. First we multiply A by the characteristic 
function Xn^ of 0„ = {x G O : Pq^{x) > 1/n}, and we regularize Xn„-^ by convolution 
with positive smooth functions with compact support and total mass 1. By the property 
of convolution can replace A+ and A_ by A„+ and A„_ G C^(J7), and they satisfy, 



and 

Let Un be the solution of 



ll'^n + llLi(a) ^ 1 1 1 1 so?' (H)' 

ll-^n-llLi(n) ^ 1 1 II an'' (n)- 

LUn + g{x, Un) = \n in 



(3.126) 

■Un = on dVl. 

Such a problem admits solutions (see Steps 1-3 of the proof of Theorem 3.7). The following 
two estimates hold 

ll^nllLi(n) + ||pan5(-,'"n)|lLi(n) < ® j^Pandx + Ci\\\n\\i^i^^) < C2, (3.127) 
where —0 < min{sign(r)5((x, r) : (x, r) G x R} is nonpositive, and 

l|V«n||M2(Q) < ^^4(6 + ||A„||^i(j^)) < C5. (3.128) 

Notice that (3.128), which replaces (3.25), follows from (3.10). As in the proof of Theo- 
rem 3.7 there exist a subsequence {un^} and a function u G Wq''^{^), for any 1 < g < 2, 
such that — > -u in L^(0) and a.e. in $7. 

Step 2 Convergence. Because (3.128) holds, 

/ \Vun\ dx < G^\^ n Br{a)\^''^ < G^^r, Vr > 0, a G (3.129) 

and Corollary 3.36 implies 

exp(/x \un\ /G^^/TT)dx < Gq \^\ exp(/x \unconyQ\ /Csa/tt) < C7, (3.130) 



/ 

Jq. 



In 

since ||ttn||Li(n) uniformly bounded. If we set 



^n(s) = / dx and /? = ^ 

J{xen:\un{x)\>s} 
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then 

< 9n{s) < C^e-^', Vs > 0. (3.131) 
Let uj be any Borel subset of As in Theorem 3.7-Step 3, for any i? > 0, we have 

/ \g{x,Un\dx < / {gi{\Un\) -g2{-\Un\))dx, 
J UJ Jw 

/•oo 

< {gi{R) - hi-R)) \^\ - / (51 (s) - ~g2{-s))den{s). 

JR 

Therefore, as in the proof of Theorem 3.7, 

/•oo POO 

/ {gi{s) - ~g2{-s))den{s) = (giiR) - g2i-R))0niR) + 0n(sK5i(s) - 52(-s)), 

JR JR 

POO 

< {giiR)-g2i-R))UR) + C7 e-^'digi{s)-g2{-s)), 

JR 

/~i poo 

- TJr ^^i^^)-^2(-5))e-^^d.. 
Let e > arbitrary. By (3.123) there exists R> such that 

poo 

-J {gi{s)-U-s))e-f'ds<e/2. 

Now 

\u\<e/2{l + ~g^{R)-~g2{-R))^ I \g{x,Un)\dx < e. 

J iO 

We conclude by the Vitah Theorem that g{.,Unt, ) g{-, u) in (Q), and we end the proof 
as for Theorem 3.7. □ 

If g{x, r) = e"'' for some a > 0, the previous result does not apply for any bounded 
measure A. However, if the constant C5 is small enough, which means that and ||A||gjj6^Q^ 
are, accordingly, small, the uniform integrability may hold. The proof of the following 
variant is parallel to the one of Theorem 3.34. 

Theorem 3.37 Let $7 C 6e a bounded domain and g G C{^1 x R) with finite 
exponential orders of growth at plus and minus infinity. Then there exists S > such that 
for any A G 9Jl''(J7), */ ||A||gr)j6(Q^ < S, Problem (3.117) admits a solution. 

The monotonicity and uniform integrability arguments imply also the following stabil- 
ity result. 

Corollary 3.38 Let c be a bounded domain and g G C{Q x M) satisfy the 2- 
dimensional weak- singularity assumption. Assume also that r 1— g{x,r) is nondecreasing 
for any x G Then, for any A G OJli){Q), the solution u of Problem (3.117) is unique 
and the mapping \\-^ u is nondecreasing. Furthermore, if {\m} is a sequence of bounded 
measures in 0. which converges in the sense of measures to X, the corresponding solutions 
Um to problem (3.117) converge to u in L^(J7). 
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3.6.2 Subcritical measures 

For simplicity we shall consider only nondecreasing absorption nonlinearities g G C(M) in 
the problem 

—An + qiu) = A in $7, 

(3.132) 

M = on dri, 

where $7 is a smooth bounded domain of the plane, and A G 971* (fi). 

Definition 3.39 Let A be a bounded measure in Vt, with Lebesgue decomposition A = 
A* + As + Ylij^j ^j^xj where A* is the absolutely continuous part with respect to the 2- 
dimensional HausdorfF measure, A^ the singular non-atomic part and {{cj,Xj)}j(zj the set, 
at most countable, of atoms. Let 5 be a continuous nondecreasing real valued function. 
We say that A is subcritical with respect to g if 

< Cj < — ^, Vj G J. (3.133) 



The following result is due to Vazquez [94] . 

Theorem 3.40 Let A G 9H*(ri). Problem (3.132) admits a solution if and only if \ is 
subcritical with respect to g. 

The local version of the necessary condition is the following. 

Proposition 3.41 Assume g has positive and finite exponential order of growth at infin- 
ity, a+{g). Let R> and v G ^3J^{Bji(f))) with no atom. If c> 47r/a+(5) there exists no 
function u G L^{Bji{0)) such that g{u) G L^{Br{0)) and 

I (-nAC + g{u)0 dx = cC(0) + / ^di^, VC G C^{Br{Q)). (3.134) 

The next result is a particular case of a remarkable relaxation phenomenon which occurs 
above the critical level 4Tr/a+{g). We denote by Br the ball of center and radius R and 
by 5^ = B^\{o}- 

Lemma 3.42 Let g be a continuous nondecreasing function with positive and finite expo- 
nential order of growth at infinity aj^{g) and, for n G N*, gn{f) = min{(7(r), (7(71)}. Let 
R > 0, c > c+{g) = ATr/a+{g) and b be three constants, and Vn the solution of 

-AVn + gn{Vn) = cSq in V'{Br), 

(3.135) 

Vn = b on BBr. 

When n 00, {vn} decreases and converges, locally uniformly in B^, to the solution 



V. 



c+ig) of 



-^Vc+{9) + 9{vc+{g)) = c+{g)So in V'{Br), 

(3.136) 

^c+(ff) =b on dBR. 
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Proof. Since a^{gn) = 0, we know by Theorem 3.34, that for any c > 0, there exists a 
unique solution Vn to (3.135), which is therefore a radially symmetric function. Because 
gn is increasing, the sequence {fn} is nonincreasing. 

Step 1 Existence of a solution to problem (3.136) in the case c < c+(gi). By comparing u„ 
with the solution * = *c of 

-A* = c<5o + |5(0)| i^V'{BR), 

(3.137) 

* = |6| oudBR, 
there holds ^ > msix{0,Vn}- But ^ has the explicit form 

^{x) = ^ln{l/\x\) + K. (3.138) 

for some constant K. The function Vn is bounded from below by the solution $ of 

-A$ + (7($) = in V'{Br), 

(3.139) 

$ = 6 on OBr, 
and $ is a bounded function. Therefore, for n large enough, 

< gn{vn) < g{vn) < gi^) = g{^ kl) + k) . 

But 

^ g(^^\n{l/\x\) + K)dx< g (^±.\n{k/ \x\)) dx g{s)e-'^-'l'^ds, 

for some /c > 0, p > 0. This last integral is finite because 47r/c > aj^{g). We conclude 
with Lebesgue's theorem that Vn converges to the solution Vc to (3.136). 
Step 2 Existence of a solution to problem (3.136) in the case c = Cj^{g)- Let {c„} be a 
positive increasing sequence converging to Cj^{g). Then the sequence {fc„} is increasing. 
Since ^> < Vc„ < (given by (3.129) and (3.130)), the limit v* of the is attained in 
the L^{Bji)-n.oini, and 

^ <V* < 

The sequence {g{vc„)} is increasing and converges pointwise to g{v*). Let ryi G C^{Bji) 
be the solution of 

-Aril = 1 in Br, 

(3.140) 

r)i = b on OBr. 

Hence ?7i > and 

/ i~Vc„A7]i+g{vcMdx = CnmiO)-2Trbr][iR). (3.141) 
Letting n ^ oo and using the Beppo-Levi Theorem implies 

lim ||(5(^^c„) -£?(t^*))??i|lLi(Sfl) 
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Thus V* is the solution of (3.136) with = 0+. 

Step 3 Nonexistence of a solution to problem (3.136) in the case c > c+{g)- Suppose that 
such a solution Vc exists. Because of uniqueness, it is a radial function, and g{vc) G L^{Br). 
The function 

r I— > w{r) — — In(l/r), 

ZTT 

satisfies {rw'{r)y = rg{vc) on (0, R). Therefore r 1— rw'{r) admits a limit when r — 0. If 
the limit were not zero, say a, it would imply 

■i«(r) = Q;ln(l/r)(l + 0(1)) as r — 0, 

and 

Aw = rg{vc) — 27rc(5o, 
contradiction. Thus rw'{r) — > as r — ^ 0, and by integration, 

Vc{r) = ^ ln(l/r)(l + o(l)). (3.142) 

ZTT 

Then, for any < 7 < c, there exists Rj e {0,R] such that 

t>e(r) > -^ln(l/r), in(0,i?^]. 

ZTT 

Thus g{vc) > 5(7/(27r)ln(l/r)). Put a = 2Tr/^. Since g{vc) € L^{B), it implies 

POO 

/ g{s)e~^''^ds < 00 2a > a+{g), 
Jo 

and finally c < c+(^), a contradiction. 

Step 4 The relaxation phenomena when c > C-^-{g). For any n and any e > 0, the solution 
Vn of (3.135) is bounded from below by the solution Vn of 

-AVn + gn{Vn) = {c+{g)-e)So in V'{Br), 

(3.143) 

Vn = b on OBr. 

Let {; be the limit of the Vn- Then v is a solution of 

-Av + g(v) = in B%, 

^ ^ (3.144) 
V = b on 

Because ^ converges to t'c+(g)-e) there holds i) > fc+(g)-e- Letting e ^ finally yields to 
> Vc+{g)- Taking the same test function rjx defined by (3.140), one obtains 

/ {-VnArji + gn{vn)vi) dx = cr?i(0) - 2Trbr][{R). (3.145) 

Using the fact that Vn < ^ (see Step 1) and Fatou's lemma, 



/ 5('f))?7ida; < liminf / gn{vn)'n\dx < 00 . 
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Thus g{v) e L^{Br). Since v € L^{Br), the distribution T = —/S.v + has the point 
for support, therefore there exist real numbers Cp, {p G N"*) such that 

\p\<m 

Let C e C~(5) such that 

(-l)lflZ)fC(O) = Cp, Vp G N"^, IpI < m, 
and for e > 0, put Ce{^) = Ci^/^)- Then 



|p|<m 



(3.146) 



But 



r (J fRe 

/ vAC{x/e)dx <^ / ln(l/s)sds < C"ln(l/e). (3.147) 
Jb £ Jo 



Comparing (3.146) and (3.147) imphes Cp = for any |p| > 1, from what is infered 

- Av + g{v) = cqSq in V'{B). (3.148) 



By Step 3 and the inequahty v > Vc. (g) , one has cq = c+ (g) , which ends the proof. 



□ 



Proof of Proposition 3.41- Assume such a u exists. By changing R, we can assume that 
u G L^{dBji) and that u is therefore the unique integrable function with g{u) G L^{Bji) 
which satisfies 

-Au + g{u)= cdo + iy hi 'D'{Br), 



u fixed on OBr. 
Put gnir) = in.m{g{r) , g{n)} , and let Vn be the solution of 

-Avn + gn{vn) = cSq in V'{Br), 
Vn = on dBn, 

and V the one of 



(3.149) 



(3.150) 



(3.151) 



-Av = v+ in V\Br), 
V = on dBji. 

Since g{vn + v) > gn{vn + v) > gni'^n), the function = Vn + v is a super-solution for 
Problem (3.149). Therefore u < + v. Letting n — ^ oo and using Lemma 3.42 yields to 



Writing again 



u < '^c+{g) + V. 



u{r, 0) = u{x) = — ln(l/ \x\) + a;(x), 



(3.152) 
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then 

~Alo = u — g{u) =^ — Aa)(r) = (z^ — g{u)){r), 

where the overUning indicates the angular average. Because the measure v has no atom 
and g{u) e L\Br), 



i: 



(v — g{u)){s)ds ^ 0, as i — > 0. 

lo 
Thus 

«(r) = |-ln(l/r)(l + o(l)). 

In the same way 

uJ{r) = o(ln(l/r)), 

and, from Lemma 3.42-Step 2, 

TJc+(.)(r) =^;c+(.)W = ^ln(l/r)(l + o(l)). 

Since c > c+{g), this contradicts (3.152). □ 

Proof of Theorem 3.40. By replacing A by A — ^(0), it is always possible to assume 
^(0) = 0. The measure A admits the decomposition 

A = '^Cj6xj + 

where {xj}j^j is the set of atoms of A, and u is the sum of a measure absolutely continuous 
with respect to the 2-dimensional Hausdorff measure and a singular measure without atom. 



Step 1 We assume that A is positive with compact support in fi, and Cj < c^{g) for any 
j e J. Let 5 > as in Theorem 3.37, Ji = {j e J : cj > S/2} (with #(Ji) = K), and 
32 = J \J' ■ We denote 

A^ = A - ^ Cj5xj. 

jeJi 

First, there exists a finite covering {Ojjie/ of Q (with #(/) = N) such that fij n ilj/ = 
if i 7^ i', and 

/ dXs < d. (3.153) 

This covering can be chosen such that any fij contains at most one Xj for j G Ji, and 
actually Xj G we shall write i = and this correspondence is one to one from Ji 
into I. For such a Xj, there exists Gj > such that Bfj.{xj) C ^i(j), and 

lim / d{X - CjSxj) = 0. (3.154) 

Let i? > be such that ft C Bji{xj), Vj G Ji. For < cr < infjgjj aj and i = for 
some J G Ji, we set 

0,(,)=i?^(x,)UJ^^(^.)_^. 
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By Lemma 3.42-Step 1, each of the fohowing equations admits a solution Uj, 

- An,- + ^9{uj) = Cj5^. in V'iBnixj)), (3.155) 
Uj = on dBR{xj), 

for j G Ji- Let ilj^o- = {x G Jlj : dist (z, ^2?) > cr}. If z G / \ : j G Ji}, we set 

-^i.o- = Xn- ^-iid if i = for some j G Ji, we put Aj^o- = Xj,; ^S- By Theorem 3.37 
there exist functions u^^o- solutions of 

-^Vi,a + ^9{Vi,a)=Ka mV'{n), ^^^^ 

Ui,<T = on dft, 

for i G I. Furthermore the Uj and Vi^a are respectively the limit of the uj^n and fi,(T,n 
solutions of ^ 

-Auj,„ + ^g{uj,n) = CjSxj * Pn in V'{BR{xj)), 

(3.157) 

Mj,n = on dBR{xj), 

and ^ 

-Avi,a,n + 77i:^9{'Ui,a,n) = \a * Pn in I''(0), 

2^ (3.158) 
Vi,c,n = on 5^2, 

where p„ is a positive radial and smooth convolution kernel with shrinking compact sup- 
port. Hence, for n large enough and a small enough, the support of the Cj6xj * Pn and 
\,u * Pn are all disjoint and included in B^/2i^j) ni (if i ^ ^(<^i))) or in ^If^j-^ ^^2' 

Finally, g{uj^n) 9{uj) in L^{Bji{xj)) (easy to check from Lemma 3.42-Step 1) and 
9{vi,a,n) 9{'Vi,a) in L^{^), as n — > oo (by the proof of Theorem 3.34). Put 

jeJi jeJi 

both quantities defined in CI, and 

^n ~ ^ ^ '^i,c7,ni ~ ^ ] '^i, tr- 

ie/ iel 

With the same convolution kernel pn, we denote by Un^a the solution to 



-AUa,n + 9{Ua,n) = K * Pn in V'{Q), 

UcT,n = on 90, 

where 

jeJl i£l\i{Ji) iGi(Ji) 



(3.159) 
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As in the proof of Theorem 3.34, Ua-^n in L^(p) and a.e. in fi, g{u„,n) is bounded in 

L^iyt), and g{ua,n) 5(^cr) a.e. in ft. Because 

- A{Un + Va,n) + g{Un + Kr.n) = - ^^i'^ ~ + 5^^" + ^^'") 

> ^ ("-Au.-^ + ^^Kn)) (3.160) 

i=l ^ ' 

= *p„ in P'(0), 

and Un + V^,n > on dU, one obtains 

< Ua,n <Un + Va,n- 

The estimate of the uniform integrabihty of {g{Un + ya,n)} derives from the fohowing 
argument : Let a; be a Borel subset of U and Ui = QiCiuj, i e I. If i ^ i( Ji) we can write 

Un + Va,n = Vi^a,n + K{x), Vx G Ui, 

and, for a fixed small enough, the function x i— > K{x) is bounded uniformly with respect 
to n and x G uJi, since the distance of the supports of the Aj/^o- * p„ (i' ^ i), and the 
CjSxj * Pn {j £ Ji) to LOi is larger or equal to a/2. As in the proof of Theorem 3.34, we set 



iis) = f 

As) < I 



dx, 

xeu)i:\iUn+Vn,a)ix)\>s} 



and 

dx. 

' {x&UJi:Vi^a^n+K{x))>s} 

The proof of Theorem 3.34 applies : for e > fixed, there exists S > 0, such that 



\iOi\ <S^ [ g{Un + Vn,a)dx < e/2N. (3.161) 
If i = we put iOi = io'j^L) lo", where a;^ C ^ and lo'/ C B^^ixj). On o;^ we write 

Un + Vn,a = 'l^i{j),a,n + K'{x), 

and ir'(x) is bounded independently of n, thus (3.161) holds with ui[ instead of Wj. On oj'f 
there holds 

Un + Vn,a = Ui(^j),n + K"{x), 

with K"{x) bounded independently of n. Thus 

g{Un + 14,a) < 5(«i(i),n + K"{x)). 
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Because 5(^^i(j),n) ^ diui^j)) in L^{BR{xi(j)))) as n ^ oo, 5(^^i{i),n + fc) ^ + k) 

for any A; > 0. Thus {(/(uj^j) „ + /c)} is uniformly integrable. The same holds with 
„ + p}, if ^ — Finally (3.161) holds with oo'! instead of 

cjj. Consequently, 

Vw C ri, w Borel , < =^ / g{un,a)dx < / 5(?7„ + Vn,a)dx < e. (3.162) 

Ju) Jul 

We conclude by Vitali's theorem that g{un,u) 9{ua) in L^{^)^ thus is the solution of 



In particular there holds 



if we take 



-Aua + g{ua) =\a in V'{9), 
Uo- = on 9r2. 

/ {ua + g{ua)r]idx = I rjidXa, 
Jn JQ 



(3.163) 



— Ar/i = 1 in fi, 
rji = on d^l. 

Letting a ^ 0, increases to u and 

/ {u + g{u)r]idx = / ijidX. (3.164) 
Jn Jn 

Prom this integrability property it follows that u is the solution of (3.132). 

Step 2 The case of a general positive bounded measure. We perform a double truncation, 
replacing A by A„ (n G N*), by putting 

An = E (^+(^) ~ n-^)^^. + Xn„ E ^^j^^j^ I ' 
jeJc+ \j&J\Jc+ J 

where Jc+{i € J '■ Cj = c^{g)}, v is the non-atomic part of A, and J7„ = {a; G : 
dist(a;,aJl) > 1/n}. If is the solution corresponding to (3.132), with A replaced by A^j, 
the sequence {ttn} is increasing and converges to some integrable function u. As in Step 1, 
we conclude, by Beppo-Levi's theorem and using Equality (3.164) with A^ and Un instead 
of A and w, that g(un) converges to g(u) a.e. and in L^(J7;/3gj,) and (3.164) still holds at 
the limit. Furthermore g{vi) G L^(Vl) by Proposition 3.2. 

Step 3 The case of a general bounded measure. If A = A+ — A is a bounded measure, 
subcritical with respect to g, we have 

A+ = E ^i^'^i + 
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where {{cj,Xj)j^j_^_} (resp. {{cj,x'j)jQj_}) is the set of positive atoms cj > (resp. < 0). 
We trunctate the measures A+ and A_ as in Step 2, introduce the coverings {^li} and 
and the separation parameter a and construct the sets of solutions u^, v^'^, u~ and vj^ 
such that 

-An+ + ^5(«+) = Cj4, in V'{BR{xj)), 
«^ = on dBR(xj), 



-Av~^ -\ q(v^ ) 



V 



X+i,^ in v'{n), 
on do,, 



= on dBnix'j), 

and 

v~„ = on dn, 

and their approximations uf„, vf„„, uj„ and v^„„. We also construct u„ solution of 
(3.159). As in Step 1, we obtain 

where V^+cr.n, t^-rn ^-cr.n are defined as Un and as in Step 1, from the u^^, 

^ta,n^ Uj,n and Because 

g{U-n + V-a,n) < g{Un) < g{U+n + V+o-,n), 

and the sets of functions {g{U- n + V- o-.n)} and {g{Uj^ „ + V+ o-,n)} are uniformly integrable 
from Step 1, the same property is shared by the set {g{un)}- We conclude by the Vitali 
Theorem as in Step 1, letting ri — > oo and cr ^ 0. The other convergences, as in Step 2, 
follow by the same uniform integrability arguments and the monotonity. □ 

The general approximation-relaxation result of [94] is the following. 

Theorem 3.43 Let g he a continuous nondecreasing function with finite exponential or- 
ders of growth at plus and minus infinity, and A G dJl'^{Q,) with decomposition 

A = A* + Xs + ^^CjSxj, 
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A*, As being respectively the absolute continuous part and the singular non-atomic part of 
A. Let 

J'^ = {j e J : Cj > c+{g)}, and J~ = {j e J : Cj < c_(£/)}, 
Pn be a regularizing kernel and Un the solution of 



(3.165) 



(3.166) 



-A^Un + g(un) = X* Pn in T)'{^1), 
Un = on dU. 

Then Un ^ u in L^(p,) where u is the solution of 

-Au + g{u) = X'' in V'{Q), 
u = on dil, 

and 

X' = X* + Xs + Yl ^i"^^. + c+(5)^x,. + ^ c-{g)6^.. 

jeJ\{J+uJ'} jdJ- 

The proof of this results follows by a combination of the arguments in Proposition 3.41 
and Theorem 3.40. 

4 Semilinear equations with source term 

4.1 The basic approach 

The equation under consideration is written under the form 

Lu=q{x,u)+X in J7, 

(4.1) 

u = Q on 50. 

where Jl is a domain in R", L an elliptic operator defined in 5 a continuous function 
defined in M x $7 and A a Radon measure in The following general result plays an impor- 
tant role in proving existence of solutions in presence of supersolutions and subsolutions 
(see e.g. [82], [87]). 

Theorem 4.1 Let Q. C M" be any domain, L a second order elliptic operator defined by 
the expression (2.1) with locally Lipschitz continuous coefficients. We assume that for any 
compact subset K ci^ there exists > such that 

n n 

i;a,,(x)Ci^,->ai^^e?, VxGif, Ve = (ei,...,en)eM-. (4.2) 

i,j=l i=l 

Let /t*, G C(J7 X M) be such that r 1— > h*{x,r) is nondecreasing for every x E and 
{x,r) I— > h^{x,r) is locally Lipschitz continuous with respect to the r variable, uniformly 
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when the x variable stays in a compact subset of and put h = h* + . If there exist 
two C{Q.) n Wl^^{^) -functions and u* satisfying 

(i) Lu* + h{x,Ui,) > mil, 

{ii) Lu* + h{x,u*) <0 inn, (4.3) 
(iii) < u* in J7, 

where the equations are understood in the weak sense, then there is a C^{Q) -function u 
which satisfies 

ii) Lu + h(x,u)=0 inQ, 

(4.4) 

(ii) <u <u* in il. 

The following construction is at the origin of most of the methods for solving semilinear 
equations with reaction source term : if is a bounded domain in with a boundary 
and L the elliptic operator defined by (2.1) satisfying condition (H), if u is an integrable 
function solution of (4.1) with A G SDT(J7; Pg^) such that g{., u) G L^(f2; Pg^dx), there holds 

u{x)= / G^{x,y)g{y,u{y)dy + / G^{x,y)d\{y), a.e. in Q. (4.5) 
Jn Jn 

Theorem 4.2 Assume g{x, 0) = 0, r i-^ g{x, r) is nondecreasing for any x G O and 

A G min:pgj satisfies Gg(A) > 0. If there exists some V G L^{fl), v > such that 
g{-,v) G L^{n\ Pg^dx) and 

v>Ql{g{.,v)+<Gfl{\), (4.6) 

there exists a positive solution u to Problem (4-1) ■ 

Proof. The sequence {?in}neN defined \>y uq = Q and 

t.„+i = Gg(5(.,u„) + G2(A), VnGN, (4.7) 

is nondecreasing, as soon as <G!^{g{.,Un) exists, but the Un are well defined because it is 
easy to prove by induction that there holds 

= "Uo < ni < n2 < . . . < n,i < -u. (4-8) 

Therefore there exists u = lim^^oo which satisfies < u < f, « G L^(0), g{.,u) G 
L^{Q; pg^dx) and 

u = Gl{g{.,u)+Gl{X). (4.9) 

This means that u is a solution of (4.1). □ 

4.2 The convexity method 

The convexity method due to Baras and Pierre [10] applies to a large variety of problems 
which contains Problem (4.1). 
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4.2.1 The general construction 

Let {U, fi) be a positive measured space with a (T-finite measure /i. We assume that 
{Kn}nef^ is an increasing sequence of measurable subsets of U such that 

fi{K„) <oo, VnGN, \jKn = U. (4.10) 

n>0 

We denote by L^(U) (resp. L^{U xU)) the space of ^u-measurable (resp. ^(8)/i-measurable) 
functions with value in [0, oo]. We consider a kernel N G L^{U x U) and a fuction 
j : U X R 1-^ [0, oo], ;U (g) da^-measurable such that 

(i) r H- >• j{x,r) is nondecreasing, convex and l.s.c, for almost all x & U, 

(4.11) 

{n)j{x,0) = 0, a.e. in U. 
The conjugate function j*, defined by 



j*(x,r) = sup(rQ; — j{x,r)) (4-12) 



satisfies (4.11). If u G L+{U), 



j{x,u{x)) if u{x) < oo, 



j{u){x) = < X , X (4.13) 

limj(a;,rj if = oo. 

k r— »oo 

If /i e i^+(i7) we set 

N{h){x)= [ N{x,y)h{y)dfi{y), 
Ju 

and 

N*(/i)(y)= / 7V(x,y)/i(x)d/x(x). 

Notice that these two quantities are positive or infinite. All the LP{U)-spa.ces {1 < p < oo) 
are relative to the measure /x. We denote by L^{U) their positive cones, 

L^iU) = {he L°°{U) : 3n G N s.t. h{x) = 0, a.e. in [/ \ Kn], (4.14) 

and ([/) = L^(C/)nL+(C/). Being given / G L+(C/), the general problem lies in finding 
u G Lj^{U) such that 

u = N(i(tx)) + /. (4.15) 
Multiplying (4.15) by h and integrating over ?7 implies 

[ fhdn= [ {u-N*{j{u)))hdn = [ {uh - j {u)N* {h))dn 
Ju Ju Ju 

(4.16) 



■Jl 
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provided uh € L^{U). Therefore a necessary condition for existence of a solution to 
Equation (4.15) is 

^ fhdii < J^r [-^i^) V/i e L~ ([/) such that uh e L\U). (4.17) 

Under a very mild additional assumption, this condition is also sufficient. Being given 

C > 1 and /i G Lf_^{U), we denote 



Fc{h) = { 



r 



+00 



— 4— ) N*(h)dLi if < oo a.e 

' h 



and j* 
if not. 



N*(^) 



W{h) G L^{U), 



(4.18) 



with the convention h{x)/W{h){x) = if h{x) = W{h){x) =0. If C = 1, Fi = F. We 
put 

X = {heL^{U) :F(/i) <oo}, 

and 

X = {he L^{U) : 3C> 1 s.t. Fc{h) < oo}. 

In the sequel we adopt the convention uh{x) = if h{x) = and u{x) = oo. The main 
existence result is as follows. 



Theorem 4.3 Let f G L^{U). The following problem 

(i) u£L+{U), u{x) = N{j{u)){x) + f{x) ji-a.e. inU, 

(ii) uh G L\U), Mh G X, 
admits a solution if and only if 

fhdii<F{h), V/iGX. 

u 



(4.19) 



(4.20) 



Scheme of the proof. For 7 G (0, 1) we introduce the sequence {un} defined by uq = 7/ 
and 



un+i = i{n{j{un)) + f), VnGN. 



Step 1 We claim that 



L 



1 



Un+ihdn < —^F{h), V/t G X. 
u 1-7 



(4.21) 



(4.22) 



For 1 < C < 1/7, and h e X such that Fc{h) < 00, we suppose that there exists some 

■i/' G Lj^(U) such that 



^{x) = max <! ij'(u„)(x)N*(V)(x), h{x) } . 



(4.23) 
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It follows from (4.21), 

f Un+iHl^ = 7 / jiunW{i;)dn + 7 / fijdfi. (4.24) 
Ju Ju Ju 

By assumption (4.20) 



ma.{/(„„)N-(,>).C/,) 



< ^ma^jr (j'(«n)N*(^)) ,f N*(^)} d^. 

Since V > ^, one has W{tp) > N*{h). By convexity j*{ar) < aj*{r), Vr > 0, Va G [0, 1], 
therefore 

^"(i^)'^'<*'s^- (ill)) 

By definition j*{j'{un)) = Unj'{un) — j{un)- Thus, returning to (4.24) implies 

/ «n+iV'd//<7 / jX«n)N*(V')(iM + 7 / {unfiun)- jiun))n*ixl;)dfi + ^Fcih). 
Ju Ju Ju 

By combining this inequality with the definition of tp, one derives 

Un+iiid^ < 7 / Uni'dn + -fFcih). 
Ju 

Because Un+i > Un and ip > h, we obtain 

/ Un+lhd/J, < / Un+1 

Ju Ju ^- 1^ 

Letting C ^ 1, (4.22) follows. 

Step 2 Convergence. Letting n — ^ oo, n„ increases and converges to some u-y which 
satisfies 

{i) u^€L+{U), = 7 (N(i(u^)) + /) inU, 



(ii) u^heL^iU), yheJt, 
This implies in particular 



(4.25) 



/ UjhdiJ. = ^ / j{uj)N*{h)diJ, + j / fhdn, ^heX. 
Ju Ju Ju 



'U JU JU 

Let C > 1 such that Fc{h) < oo, then 



and consequently 



/ u^hdfi < —^Fc{h). (4.26) 
Jc/ 70 - 1 
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Since the correspondence 7 i-^ is increasing and, for almost all x ^ U, r j(a;,r) 
is continuous on the left, we can let 7 ^ 1 in (4.26) and (4.25)-(i) and deduce that the 
function u = lim^^i is a solution to problem (4.19). 

Step 3 Justification. The difficulties in the above proof are of two kinds : 

(1) It is not clear that < 00 on a set of positive measure. It is even not known if 
1*0 = 7/ satisfies j(tio) < 00 a.e. in U. To go arround this difficulty we approximate 
j(^Un), formally equal to Unj'iun) ~ j*{j'{un)), by UnPn " j*(/5n) where the {/?„} is an 
increasing sequence of regular enough fonctions converging to j'(un). 

(2) The existence of V' £ ^ has to be proven. 

The full construction, which is extremely technical, is performed in [10]. □ 

In the presence of a subsolution v to Problem (4.19) it is possible to relax the assump- 
tion on the sign of / and to produce a signed solution u. More precisely, we assume that 
there exists a measurable function v such that 

{i) V e L^{Kn) and N{., .)j{v){.) G L^{Kn x U), Vn G N, 

(4.27) 

(ii) v{x) < N{j{v)){x) + f{x) fj,-SL.e. in U, 

If j : J7 X M I— > (—00,00] is a measurable function which satisfies (4.11), we introduce j* 
and Xy : 

3l{x,r)= snv {ra- j{x,a), 

a>v{x) 

and 

X. = [he L^{U) :3C>1 s.t. (^^) W{h) G L\U)^ . 
Corollary 4.4 There exists a measurable function u :U ^ {—00, 00] satisfying 



(i) u> V, u{x) = N{j{u)){x) + f{x) ji-a.e. in U, 

(ii) uheL^U), MheXy, 



(4.28) 



if and only if 



fhdii < J^j; (^^) N*(/i)dM, V/i G X,. (4.29) 



Proof. Put w = u — V and define j by 
j{x,r) = 0, V(x,r)GOxR_, 

j{x, r) = j{x, r + v{x)) — j{x, v{x)) if j{x, v{x)) < 00 and r > 0, 
j{x,r) = 00 if j{x,v{x)) = 00 and r > 0. 
Thus j takes nonnegative values and satisfies (4.11). Moreover (4.28) is equivalent to 

(i) weL+(U), w = N(j{w)) + f + 'N(j(v)) -V /Lt-a.e. in [/, 

(4.30) 

(ii) wheL\U), V/iGX^. 
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Since 

j* {x,r) = jy{x,r) + j{v{x)) — rv{x) if j{x,v{x)) < oo, 
j*ix,r) = if j{v) = oo, 
for any h G L'^{U), there holds 

^ N*{h) =31 W{h) +j{vW{h) - Chv, (4.31) 



W{h) J ^ ' -"^ \W{h) 
/x-a.e. on {a; G [/ : j{v){x) < ao}. Therefore 

The proof of Corollary 4.4 follows from Theorem 4.3 applied to Problem (4.30). □ 
4.2.2 Application to elliptic semilinear equations 

Let be a bounded domain in M" with a boundary, L an elliptic operator defined 
by (2.1) satisfying (H) and j : $7 x M i-> [0, oo] a measurable function (for the (n + 1)- 
dimensional Hausdorff measure) such that j{x,r) = 0, for almost all x e ^ and every 
r < 0. The function r i— > j{x,r) is also assumed to be convex, nondccreasing and l.s.c, 
thus it fulfills assumption (4.11). If A G m+{n;pgj, f = Gg(A) G L^{n). We denote by 

Y{L) = {e G Ci'^(n)} : L*e G L^{n) n L+{n), (4.33) 

the space C^-functions ^ vanishing on 90 such that L*^ has compact support and is 
essentially bounded. Notice that the elements of Y{L) are nonnegative by the maximum 
principle. 

Theorem 4.5 Assume there exist some C > 1 and € Y{L), ^ ^ 0, such that 

f (^^) ^L\n). (4.34) 

If X & 9Jl+(f2; Pqq), there exists at least one u G L^gJ^Vl) such that ^^{^{u)) G L^^J^Vl) and 
u = G^{j{u)) + Gg(A) G L^(J^), a.e. in n, (4.35) 

i/ and only if 

Ud\< f r (^) , G y(L). (4.36) 

Moreover, if n> 0, there exists at least one positive solution. 
Proof. We put n = dx, the n-dimensional Hausdorff measure, and 

N{x, y) = G2ix, y), V(x, y) eClxU, x ^y. 
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Let V he defined by 

r if fix) > 0, 

v{x) = < 

1 fix) if fix) < 0. 

Thus V G L^iO.), N*ijiv)) = and (4.27) holds. Furthermore j* = j* on [0,oo), = 
X ^ {0}, because of (4.34). If it exists, any solution u of (4.35) satisfies u>v, thus this 
problem is equivalent to 

{u>v, u = N(i(n)) + /, 

\ue Ll^in). 

If ^ G YiL), we put h = L*^, which means equivalently 

^ = G%{h)=N*ih). 

By Corollary 4.4 there exists a measurable function u which satisfies u = N(j(«)) + /, 
u > V and uh G L^i'^), for every h e X. By (4.34), uL*^o G L^(ri), then u(xo) is finite 
at least for one Xq G thus A^(xo, .)j(ii)(.) G L^(r2), by the equation. For any compact 
K C O, and any compact neighborhood Kq of K U {xq}, there exists a constant C such 
that 

G% (x, y) < CG2* ixo, y), V(x, y)eKxin\Ko). 

Therefore 

/ Nix,y)jiy,uiy))dydx <C\K\ N ixo, y) j iy, uiy))dy < oo, 
K Jn\Ko Jn 

from which it is infered that N(j(u)) G Lj^^iQ,), since K is arbitrary. Furthermore u G 
-^Lc(^)' fro™ the equation. □ 
When jix,r) = r^, for some q > I, the result is as follows. 

Corollary 4.6 Let g > 1, A G dJlifl; Pg^) and a > 0. Then there exists a function 
u G Ljg^iQ) such that G2('u+) G Lj^^ifl) satisfying 

Lu = u'L + aX in Q, 

^ (4.37) 
u = on dii, 

if and only if 

where q' = q/iq — !)• Furthermore u is nonnegative if G^iX) is so. 

Condition (4.38) has two meanings : the first one is that the positive part of A should 
not be too large, whatever is g > 1, the second is that if q is above some critical value, 

measure A should not be too concentrated. This concentration is expressed in terms 
of Bessel capacities as for equations with absorption. If we assume for example that 
A = A+ — A_ is a i7-function, there holds. 
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Corollary 4.7 Let g > 1, A = A+ — A_ € U\Q.) Then there exists a function u € Lj^^{'n) 

solution of Problem (4-37) for a > 0, small enough, if 

(i) n = 1, 2 and 1 < q, or n>3 and 1 < q < n/{n — 2), 

or 

(a) n > 3, q > n/{n — 2) and A+ G with p > n{q — l)/2q, 

or 

(a) n> S, q = n/{n — 2) and A+ G with p > 1. 

Proof. Only condition (4.36) is to be checked. If ^ G Y{L), we define w by 

L*e = (4.39) 

If - + - < 1, there holds 
P 7 

Ud\< f ^dA+<C||A+||^,||e|L,. (4.40) 

If we assume 

112 12 

-<-H — , or - < — , z/7 = oo, (4.41) 

s 7 n s n 

it follows, by (4.39) and the Gagliardo and Sobolev inequalities, 

Uh-r < CUWw^,. < CWAa^. < C nf/i'^/'dx^ . 
for any 1 < s < oo. Furthermore, if 

s < q, (4.42) 

one gets 

!/<?' / r \ W-s)/q's 



uh,<([ wdx) ' ([ e''^'^'' 



If 

7 > sq'/q{q' - s), (4.43) 

we derive 

U\\^, <C [ wdx. 
Jn 

By combining this inequality with (4.40), it is infered 

I id\<C I wdx. 
Jn Jn 

In order to get (4.41), (4.42), (4.43), wc choose 7 = cxd, s < n/2 if n = 1, 2 or > 3. 
We take 7 < 00 and s such that equality holds in (4.41), if ra > 3, g > n/(ra — 2), and 
p>n{q-l)/2q. □ 

The next result expresses the condition of concentration which allows a measure to be 
admissible in Problem (4.37). 
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Proposition 4.8 Let Acr = crX be a positive measure with compact support satisfying 
(4-38). Then there exists k = k{q,n,Xa-) such that 

K{K) < kC2,q'{K), MK compact , K C n. (4.44) 

Proof. We first notice that (4.38) implies 

/ vdXa < ^—^ / ' J\ dx, yv e C^{0.), v>0. (4.45) 

Indeed, if u > belongs to C^(0), we apply (4.38) to ^ = G^*{\L*v\) which is larger than 
V by the maximum principle. We replace v by v^'^ in (4.45). Since 

Ed I OV \ ^-^ OV ^-^ O 



dxj V dxi I ^ dxi ^ dxi 

i,j=l i=l i=l 



i -1 — 1 J \ ' 



Then 

-dx < CWvWiooWvWL,, + \\Vv 



and finally 

[ v-"i'dX,<C\\v\\i^\\vr^,^^„ (4.46) 

by the Gagliardo-Nircnbcrg inequality. If C 17 is compact, there exists a sequence 
{vk} C C^{^) such that < Vk < 1, Vk = I in a neighborhood of -RT and ||'i'||fc^2g' — ^ 
C2,q'{K) when A; ^ oo. Therefore (4.46) implies (4.44). □ 

Remark. In the particular case where K = Br{xo) (for < r < ^^^^(xo), the measure A^- 
satisfies 

A,(ft(x„)) < c I ^ ^ % ' > "/<" - 1 (4.47) 

I (ln(l + l/r)) ^ ifq = n/[n — 2). 

Estimate (4.44) can be understood in saying that the measure Xu is Lipschitz continuous 
with respect to the capacity C2,q', although it must be noticed that a capacity is only an 
outer measure, not a regular one. 

Later on, Adams and Pierre [2] proved a series of remarquable equivalent properties 
linking estimates of type (4.44) and Bessel capacities. 

Theorem 4.9 Let n > 2, p > 1 and X be a nonnegative measure with compact support in 

O. Then the following conditions are equivalent : 

(i) There exists fci > such that for all compact subset K (ZQ,, 

KK) < kiC2,piK). (4.48) 
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(a) There exists k2 > such that 

[ ^dX <k2 [ \A^\^dx, V<e G Yi-A). (4.49) 

(in) There exists k^ > such that 

[ ^dX <k3 I {A^n'-^dx, G y(-A). (4.50) 

(iv) There exists A;4 > such that 

I idX <kj \L*ife-''dx, G Y{L*). (4.51) 
JO. Jn 

Their proof is performed with an elhptic operator with coefficients, but it can be 
adapted to an operator satisfying condition (H). It heavify rehes on fine properties of 
real valued functions in connection with the Hardy-Littlewood maximal function and the 
Muckenhoupt weights. 

Usually a positive measure A G H^~^'*(r2) does not satisfies (4.48), but only 

X{G) < \\X\\w-2,,^a)C2,g'iG)^ VG C O, G compact. (4.52) 

However, the capacitary measure Xk of a compact subset of C O does verify it. This 
measure is the unique extremal for the dual definition of the capacity of K given by (3.54). 
It is concentrated on K and has the property that 

XK(.K) = C2,q,iK), (4.53) 

(see [1, Th 2.2.7]). Moreover 

Gi * G L«(M") and d * (Gi * A^^)*"^ G L°°(R"). (4.54) 

where Gi denotes the Bessel kernel of order 1 defined by (3.50). The following result is 
proven in [84]. 

Proposition 4.10 Let K G ^ be compact subset with C2,q'{K) > and Xk the capacitary 
measure of K. Then there exists k = k{n,q) such that 

^dXK < k\\G, * (Gi * Xk^-'W^^^^^^ |A^|^' e-''dx, G y(-A). (4.55) 

Hence, by Corollary 4.6, Problem 4.35 is solvable for any capacitary measure A = Xk, for 
< a < (To for some do > 0. Furthermore, since it is proven in [54, Th. 3.1] that there 
exists a constant kn,q > such that 

||Gi * (Gi * >^Ky~^\\]:^oo(j^n) < K,q "^K cn, K compact, 

it follows that ao = ao{n,q). 
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4.3 Semilinesir equations with power source terms 

In this section we develop a direct methods for constructing expHcit super solutions in 
order to apply Theorem 4.2. Wc assume that is a bounded open subset with a 
boundary and that L defined by (2.1) satisfies (H). 

Theorem 4.11 Let g > 0, A G 9Jt+(0; Pg^)- If there exists some Co > such that 

((Gg(A))^) < Co(G£(A), a.e. in n, (4.56) 

then problem 

Lu = \u\'^~^ u + aX in Q, 

(4.57) 

u = on do,, 

admits a positive solution u G L}{^) Pi L'^{Q.; Pg^dx), 
(i) if < a < aQ = ao{q,Co), when q > I, 
(a) for any o" > when < q < 1. 

Proof. Put w = 9G^{a\), for some parameters ^, a > > 0. Then, under condition 
(4.56), 

G^{wi + aX) < (Co0V« + (7)Gg(A). 



Therefore 



as soon as 



w 



>Gg(«;^) + G£(aA), (4.58) 



CoO^'a"-^ + l<e. (4.59) 

If g > 1 this is equivalent to 

'Q _ 1\ 1/(9-1) 



^-SVCo^; " g(Cog)V(.-i) ' 



and we get (i) by Theorem 4.2. If < g < 1, for any a > one can find 9 > such that 
(4.59) holds. □ 

The next result due to [52] ([20] if L = —A) points out how close to a necessary 
condition estimate (4.56) is. 

Theorem 4.12 Let q > 1, X e pg^), a > 0. If there is a positive solution u G 

L^(J7) to Problem (4-57), there exists a constant Ci > such that 

<g2 ((Gg(aA))'^) < CiGg(aA), a.e. inVt. (4.60) 

IfL = -A, Ci = l/(g-l). 
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Lemma 4.13 Let h G L^{Q; Pg^-^dx), h > 0, and /i, r/ G 9JT+(r2; pg^j), fJ. 0, such that 
jJL — rj > h. If (p G C^([0,oo)) is a concave nondecreasing function such that 4>{1) > 0, there 
holds 

&L\n;p^,dx), (4.61) 



and 



Proof. Put z = and w = G^^{r)). We write r) = h + fi + a where cr is a positive 

Radon measure. Let hn, Pn and it„ be elements of C^iVt) such that hn ^ kin L^{^1; Pg^dx, 
and p,n ^ p and (T„ cr, in the weak sense of p^jj. Put z„ = G'^^{pn) and 

u)„ = 0]i^{hn + Pn + (^n), then ^ z and Wn ^ w in L^(0) as n ^ oo, and a.e. (after 
extraction of a subsequence). Thus z„ > in J7, for n large enough. Because of the 
concavity, ^{1) > and ^' > 0, there holds 

-a(.„,(^))>,'(^)(.„ + .„)>,'(^).„. 



Also 



for some C > 0. Therefore Zn(p {wn/ Zn) converges in L^{Q,) as n — >■ oo. Since for any 
C G Cc'\n), C > 0, there holds 

- 1^ Zn<P (^) A^dx > /i^Cdx, (4.63) 

we derive (4.62) by passing to the limit with Lebesgue and Fatou's theorems. □ 

Proof of Theorem ^.12. First, we prove the result when L = —A. Since a > 0, we can 
assume cr = 1 and apply Lemma 4.13 with w = u, the solution of (4.57), z = G^^{\) and 



0(s) 

Because u > G^^(A), 



(1 - si-«)/((? - 1), ifs>l, 
s-1, if s < 1. 



-A 

holds weakly. By the maximum principle 



-^^^^(A) - -^u'"^ (GeA(A))^ > ((^^^(A))^) , (4.65) 
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which is the expected inequahty in the case L = —A. We turn now to the general case. 
By Theorem 2.11, the Green functions of L and — A are equivalent in the sense that 

C-'Cl^ix, y) < G2{x, y) < CG'l^ix, y), V(x, y)enxn\Dn, 

for some C > 0. Thus (4.61) follows. □ 

Remark. In [52], inequality (4.61) is proven for a very general class of positive kernels, not 
only for a Green kernel. 

The next result, proven in [15], exhibits a large class of measures for which Problem 
(4.57) will be solvable by applying Theorem 4.11. 

Theorem 4.14 Let q > 0, a e [0, 1] and A G 2)t+(n; p'^^) with \\M\fm+in;p'^ )^^- 

n + a , , , 

Q<— ^, 4.66 

n + a — 2 

then G^{X) G L^{^;Pg^dx), and there exists a positive constant C = C{n,q,a, X,Q.) such 
that 

((Gg(A))^) < CGg(A) a.e. in Q. (4.67) 

Proof. As in the proof of Theorem 4.12, it is sufficient to consider the case L = —A and 
then use the equivalence of Green kernels. 

Step 1 The case X = Sy ioi y E ^, n > 3. Since G^^{x,y) < C{n) \x — we put 
d =diam(0) and 

' |x - if g>2/(n-2), 

^(a;) = < d- |x-y|2-("-2)« ifg<2/(n-2), (4.68) 
^ ln(d/|x-j/|) if g = 2/(n-2). 

Hence 

-Ah{.) = Ci |. - y|(2-»)</ in P'(0), 

and consequently 

<G"a ((G"a(-, y)Y) (^) < C2h{x) < C3 |x - , 

with Ci = Ci{n, q, d) > 0. Let r > be such that Br{y) C il. Clearly 

G^A ((GeA(.,y))') {x) < C'^Penix) < C^G^aI^, 2/), 

on Briy) \ {y}. On O \ Briy) the function G^^ ((C^aC-i 2/))^) is C\ We get a similar 
inequality by Hopf boundary lemma. Finally there exists Cy > such that 

Gl^({G'l^{.,y)y){x)<CyGl^{x,y), Vx G \ {y}. (4.69) 
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As we shall see it in next step, Cy is bounded independently of y. 

Step 2 The general case. By Theorem 3.5, G^^(A) G {n- p'^^dx) since (4.66) holds. 
First assume g > 1, then 

<GeA(A)(x)= / G'l^{x,y)dX{y) = [ ^^^^^^ p-^[y)d\{y) . 

By Jensen's inequality, 

G?i ((G?i(A))') (x)< [ G?i(G?i(.,!,))(xVjl"-»){9)dA(!,). 

Now 

Jn \ PanVy) ) 

Because 

G^_^{y, z) < Cmin{|y - zt\pM \y - (4.70) 



it follows 

\2—n—a 



G'l^{y.z)<Cp"^^{y)\y-z\ 

At that point of the proof we recall the following relation called the 3-G inequality (see 
[30] for example). 



G'l^{x,z)G'l^{y,z) 



<c(|x-z|2-'^ + |y-z|2-") , (4.71) 



dz. 



G'l^{x,y) 
where C = C(0). It implies 

{GlA{;y)) ix)Pet'\y) < G'lA{x,y)I{x,y), 
for some C = C{q, a), and 

rr \ f \ i(2-n-a)(g-l) /\ i2-n , i \2-n\ 

I[x,y) = J \y - z]"- ^ ^^|a; - 2;| +\y-z\ J 

Since 

I{x,y)<C I (|x-z|2-+(2-n-")('^-l) + |y-^|2-+(2-n-a)(g-l)j^^^ 

this last quantity is clearly bounded independently of x and y by some constant depending 
on the various parameters and data. Notice that we have used 

q < {n + a)/{n + a-2) < n/{n - 2). 
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inus 

G^A ({GIaW)') {x)<C j G'l^{x,y)d\{y) = CG^aI^)- (4-72) 

^ ^ JGw 

Obviously, C = C{Vl) when g = 1. 
Next we assume < g < 1. Then 

G^A ((G^aIA))') < G^aII) + G^A ((G^aIA))) . 

By Hopf boundary lemma G^^(l)(.x) < Cpg^{x). Let K be a compact subset contained 
in the support of A and denote by the restriction of A to K. By the regularity results, 
G^^A(A|i^) e C^(yt\K). Then G^^(A) > G^^(A|i^) > Cpg^ iuTi\K. In turn it implies 
G^a(A) > C'Pan for another constant C > and (4.67) follows. □ 

Condition (4.66) on q is called a-subcriticality. However, as we have seen it in previous 
sections, there exists measures for which (4.57) is solvable even if q is not a-subcritical. 

Definition 4.15 A measure A € 9Jt_|_(ri; p^^) is called g-admissible if there exists some 
(To > such that Problem (4.57) admits a solution u G L^(r2) fl Li{Q,; p^^dx) whenever 
< cr < (To- 

The following theorem summarizes the results of Baras and Pierre [10], Adams and 
Pierre [2] and Kalton and Verbitsky [52] in the super-critical range of exponents. 

Theorem 4.16 Let g > 1, a G [0, 1] and A G dyt^{Q; p*^^). Then the following conditions 
are equivalent : 

(i) X is q-admissihle. 

(a) There exists some Co > such that 

G2 ((g£(A))'^) < CoG£(A). (4.73) 

(Hi) (G2(A))^ is q-admissihle. 
(iv) There exists C > such that 

[ Gi{\)dx <C [ J\,,_, dx, V5 G L^{n), g>0. (4.74) 

(iv) There exists c > such that 

j d\< cC2,q',a{A), C O, ^ Borel, (4.75) 
where C2,qi,a is the weighted capacity defined by 

C2,q',a{A) = inf y^V^'dx : 77 G L'^'i^), r? > 0, G%iX) > on . (4.76) 
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4.4 Isolated singularities 

If one looks for radial positive solutions of 

- Atx = |n|*~^n, (4.77) 
with g > 1, in \ {0} under the form x >—>■ a \xf, one immediately finds 

U{X) = Us{x) = Jq,n \x\-^^^''-^^ , (4.78) 

where 

--((^)(»-^))"""" 

However such a solution exists if and only if g > n/(n — 2). Moreover, if q > n/{n — 2), 
it follows by Theorem 3.23 that, if ft is an open subset of M"" containing 0, fi* = \ {0}, 
and u E Ll^^(n*) is nonnegative and satisfies 

- Atx = u« in V'{n*), (4.80) 

then u G L^^p(fi), and that Equation (4.80) holds in V'{Q,). In this way, the singularity 

of n at exists, but is not visible in the sense of distributions. In the subcritical range, 
1 < g < n/(n — 2) it is proven by Brezis and Lions [21] that any positive solution of (4.80) 
satisfies actually 

-Au = u'^ + Cnj6o in V{n), (4.81) 

for some 7 > (see Step 4 in the proof of Theorem 3.40). Furthermore u admits an 
expansion near 0; 

u(a:) =7|a;|^""(l + o(l)) +C, as s ^ 0, (4.82) 

if n > 3, with the usual modification if n = 2. Finally, although this was noticed before by 
Lions [66], Theorem 4.14 implies that the Dirac mass c^o is g-admissible. The classification 
of isolated singularities of positive solutions of (4.77) has been performed by Lions [66] in 
the case 1 < q < n/{n — 2), Aviles [6] in the case q = n/{n — 2), Gidas and Spruck [46] 

when n/{n — 2) < q < (n + 2)/(n — 2) and Caffarclli, Gidas and Spruck [24] in the case 
q = {n + 2)/{n — 2). The case q > {n + 2)/{n — 2) remains essentially open, except if the 
solutions are supposed to be radial. 

Theorem 4.17 Let Q be an open subset 0/ M" containing 0, i^* = Q \ {0}, q > and 

u G C^(r2*) be a positive solution of (J^.ll) in Vl* . 

(i) If q < n/{n — 2) ; either u G C°°{Q), or there exists 7 > such that (4-82) and (4-81) 
hold. 

(a) Ifq = n/{n - 2) : either u G C°°{p), or 

hm |xr-2(ln(l/|a;|))(2-")/2u(x) = (^)" (4-83) 
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(in) Ifn/{n - 2) < q < {n + 2)/(ra - 2) ; either u e C°°{n), or 



lim \xf/^'^-'^^u{x) = Jq,n- (4.84) 



(iv) Ifq = (n + 2)1 [n - 2) : either u G C°°(0), or 

lim - vi\x\) = 0, (4.85) 

where r ^ v{r) is a radial solution of (4-77). 

Notice that in the so-called conformal case q = (n + 2)/(n — 2), all the radial solutions 
V of (4.77) are classified by their reduced energy : if v{r) = r(2-")/2u;(f) and t = ln(l/r), 
then w verifies 

w" - ^^!:^^w + w = 0. (4.86) 

Therefore the reduced energy-function 

r/- \ ,2 n + 2 |2n/(n+2) " 2)^ 2 

c(w) = w H \w\ ^ ' w 

n 4 

is constant. The proofs of these different results relies on regularity estimates and boot- 
strap arguments in case (i), the Lyapounov analysis as for Theorem 3.28 in cases (ii) 
and (iii), and the asymptotic symmetry method in the case (iv). However, there are two 
difficulties in case (iii) ((ii) being much simpler) : the first one is to prove the a priori 
estimate 

u{x) <C\x\'^^^'^~'^^ near 0. (4.87) 

The second one is to identify the limit set at the end of the Lyapounov analysis, in which 
situation, it is to be proven that the only positive solutions to 

-\n-i^ + ltn^-y^'' = (4.88) 

on S^~^ are the constant solutions and 7q,„. 

Remark. Part of the results can be extended to equation 

Lu = u", (4.89) 

where L is a general elliptic operator, satisfying condition (H). This extension is easy for 
(i), a little more complicated in case (iii) (and (ii) in the same way), in particular to get 
(4.87). It is still completely open in case (iv). 

5 Boundary singularities and boundary trace 

In this chapter we shall study generalized boundary value problems for equation 

Lu + g{x,u)=0 in Q, (5.1) 

where is an open domain in M", n > 2, with a boundary, L is an elliptic operator 
defined in S7 by (2.1) and g a continuous function of absorption type. 
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5.1 Measures boundary data 
5.1.1 General solvability 

Let fi he a Radon measure on dO, and g G (7(0 X M. The semilinear Dirichlet problem 
with measure data is written under the form 

Lu + qix, u) = in 

(5.2) 

u = fj, on dil. 

Definition 5.1 Let fi G 971(90). A function u is a solution of (5.2), if u & L^(fl), 
g{-,u) G L^{^1\ Pg^dx), and if for any C, G Ci'^(O), there holds 



I 

Jn 



{uL*C + 9{x, u)0 dx = - [ ^dn. (5.3) 



Definition 5.2 A real valued function G C(ri x M) holds the boundary-weak-singularity 
assumption, if there exists ro > such that 

rg{x,r)>0, V(x, r) G O x (— oo, — ro] U [ro, cxd), (5.4) 

and a nondecreasing function ^ G C([0, oo)) such that g >0, 

I 5(r^-")r"dr < GO, (5.5) 

and 

\g{x,r)\<~g(\r\), V(a;,r)GOxR. (5.6) 

The following result was proven first, but under a weaker form, by Gmira and Veron [48]. 

Theorem 5.3 Let Q, be aC^ bounded domain in M", n> 2, L the elliptic operator defined 
by (2.1) and G (7(0 x M) a real valued function. If L satisfies assumptions (H) and g 
the boundary-weak-singularity assumption, for any /x G 9Jl(90) there exists a solution u to 
Problem (5.2). 

Proof. The general idea follows the proof of Theorem 3.7, with some significant changes. 

Step 1 Approximate solutions. Let /i„ be a sequence of C^(0) functions converging to /x 
in the weak sense of measures and m„ = (/«„). The function 5" defined by 

g'^{x, r) = g{x, r - m„(a;)), V(a;, r) G O x M, 

is continuous in O x M and satisfies (5.4) with ro replaced by r-o + UTOnllioo . By Theorem 3.7 
there exists a solution to 

Lvn + g'^{x,Vn) = in O, 

(5.7) 

Vn = on 50. 
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Thus the function Un = Vn + rUn is a solution of 

Lun + g{x, Un) = in 



(5i 

Un = IJ-n on do,. 



From the proof of Theorem 3.7, Steps 2-3, Un is bounded in and (5.3) holds with Un 
and rUn. By Theorem 2.4, for any C e Cl'^iP), C > 0, 

/ {\un\ L*C + sign{ur,)g{x,Un)C) dx <- [ |/Xn| dx, (5.9) 

Jn Jn o^L* 

which implies 

ll^"ILi(n) + ||P9n5(-,'"n)ILi(n) <& J^Pandx + Ci \\panf^n\\Li(dn) ■ (5-10) 
Consequently, using also (3.11) in Theorem 3.5, 

||«n||M("+'»)/("+«-2)(a;p°^) ^ C'^W^n- gi;Un)\\roi{n;p'^^) < C3 (& + \\PenPn\\ li (^qq)^ ,(5.11) 

for a = 0, 1. 

^tep ^ Convergence. By Corollary 2.8 and (5.11), there exists a subsequence of {un}, still 
denoted by {un} for simplicity, which converges to some u in L^{fl) and a.e. in J7. In order 
to prove that g{-,Un) converges in L^{n; pg^dx), we use Vitali's theorem and we procede 
as in the proof of Theorem 3.7- Step 3 with a = 1. □ 

The following stability result follows from the uniform integrability argument. 

Corollary 5.4 Let g satisfy the boundary-weak-singularity assumption and r i-^ g(x, r) is 
nondecreasing, for any x G Then the solution u is unique. If we assume that {pk} 
is a sequence of measures in 93t(J7) which converges weakly to fi, then the corresponding 
solutions u^^ of problem 

(5.12J 

u^if, = Pk on d^, 
converge in L^(ri) to the solution u of (5.2), when k — > oo. 

Remark. If ^(x, r) = |r|*~^ r, the boundary-weak-singularity assumption is satisfied if and 
only if 

< g < (5.13) 
n — 1 
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5.1.2 Admissible boundary measures and the A2-condition 

Definition 5.5 Let g he a continuous real valued nondecreasing function defined in M_(-, 
^ > 0. A Radon measure /i in dO, is called {g, A:)-boundary-admissible if 

/ 5(Pg(H) + A:K^dx<oo, (5.14) 
Jn 

where Pp(|;u|) is the Poisson potential of fi and A; > 0. 

The proof of the following theorem is similar to the one of Theorem 3.10. 

Theorem 5.6 Let be a bounded domain in W^, n > 2, L an elliptic operator defined 
by (2.1) verifying condition (H), and y G C(0 x M) satisfying (5.4) for some ro > and 
(5.6) for some function g as in Definition 3.9. Then for any {g,ro) -boundary-admissible 
Radon measure fi G dJl{dQ), Problem (5.2) admits a solution. 

The proof of the next result, is a boundary adaptation of the one of Theorem 3.12. 

Theorem 5.7 Let and L be as in Theorem 5.6. Assume y G (7(^7 x M) satisfies the 
^2-condition (3.37), r i— >■ g{x,r) is nondecreasing for any x E ^ and (5.6) holds for some 

nonnegative, nondecreasing function g. For any Radon measure A G with A = 

A + A*, where A G L^{di^) and A* is {g,0) -boundary-admissible and singular with respect 
to the (n — 1)- dimensional Hausdorff measure, problem (5.2) admits a unique solution. 

5.1.3 Sharp solvability 

The existence of a solution, necessarily unique, to 

Lu -\- \u\'^~^ u = in Q, 

(5.15) 

u = fx on dVL, 

where is a boundary measure follows unconditionaly from Theorem 5.3 in the subcritical 
range < g < (n + l)/(n — 1). The super-critical case q > (n + l)/{n — 1) is treated 
separately according the value oiq with respect to 2 by Le Gall [63], Dynkin and Kuznestov 
[38], [39] and Marcus and Veron [71]. The synthetic presentation in all the super-critical 
cases is found in [72] . 

Theorem 5.8 Let Q, be a bounded domain in with a boundary, L the elliptic 
operator defined by (2.1) satisfying condition (H), q > (n + l)/(n — 1) and fi G Tl{dQ). 
Then Problem (5.15) admits a solution u = if and only if does not charge boundary 
sets with C2/q^q' -capacity zero. Moreover, the mapping fii-^ is increasing. 

Following Definition 5.5, a Radon measure ji on dO, is called boundary- q- admissible for 
the operator L if 

I (Pg(H))V,^dx<oo. (5.16) 
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However, under assumption (H), under which the Green and Poison kernels are con- 
structed, this property is independent of L, since aU the kernels are equivalent (see Theo- 
rem 2.11). The proof is based upon a deep result concerning representation of boundary 
Bessel classes in terms of integrability properties of Poisson potentials. 

Proposition 5.9 Let the assumtions of Theorem 5.8, on Q, and the operator L, he satis- 
fied, q>{n + l)/(n - 1) and n G 9Jt(5Q). Then : 

(i) If fi is houndary-q-admissible, then ^ G W~'^/'^''^{dQ). 

(ii) If fie m+{dn)nW-'^/i^i{dn), then H is houndary-q- admissible. Moreover there exists 
a constant C = C{q,Q,L) such that, 

C ^ 11/^11 w^-2/9,9(an) < \\PL{fJ')\\Li{n;pg^dx) < C||Mllw^-2/9.9(an)- (5-17) 

Proof. The proof we present here is settled upon the interpolation theory between a Ba- 
nach space and the domain of an analytic semigroup of operators. 

Step 1 The case where Q is the unit ball B. We shall assume n > 3, the 2-dimensional 
case requiring some easy technical modifications. Let (r, a) be the spherical coordinates 
in , t = -Inr. If G W^-2/«'«(S'"-^), we set u = and u{t,a) = u{r,a). Then 

relation (5.17) turns into 

C"MlA*llTy-2/9,9(5n-i) < y Jtt|'^ (1 - e"*)e""*d(Tdt < C||//||^^_2/,,9(5„-i) . (5.18) 

By density it can be assumed that /x is a regular function, and let / be the solution of 

M = ^^/-A,„_,/ in S--\ 
By elliptic equations regularity theory, there exists c > such that 

C ^ ||^||v^'-2/q,<7(-5n-l) < ||/||Ty2-2/<7,,(5'n-l) ^ c\\fi\\^r-2/q,q(^gn-ly (5.19) 

Let V = P^a(/) in B and v{t, a) = v{r, a). Then 

Lv := vtt -{N- 2)vt + A^^_^v = in R+ x 5"-^, 

v\t=o = f onS^-\ 
This implies 

L(A^„_,si)) = mR+xS--\ and A^„_,4=o = A^„_, / on 5""^ (5.21) 
This problem has a unique solution which is bounded near i = oo, therefore 

P-A(A,„_,/) = A^„_,i), (5.22) 

and equivalently 

u = r^^M = P^A f - A,„_j) = ^^^v - A^^_,v. (5.23) 



(5.20) 



80 



Put V* := e-*(^-2)/2{}, then 

(n - 2)^ 

v*{0,.) = f on5"-i. 

One way to represent v* is to introduce semigroups of linear operators and to express the 
above relations in terms of interpolation spaces between Banach spaces. Put 



e*^(/) where A = -[ I - A 



(n-2) 



2 \ 1/2 



S' 



n-l 



It is wellknown that the square root of a density defined closed operator A defines an 
analytic semi-group in L*(iS'"'~^) (see [103] for example). The domain of A'^ is precisely 
^r2,q(^gn-l^^_ Therefore (see [93, p. 96]), 

« llfll^ 4- f°° (f'^/'}\\A'^v*\\ V — 



,)+^'(tV«||AV||,,(,„_,))'^ (5.25) 



Li{S' 

where the symbol ~ denotes equivalence of norms. Notice that for q > 1 the exponent 
2 — 2/q is an integer only if g = 2, in which case the Besov and Sobolev spaces coincide. 
Thus, by (5.19), 



1 ^ nwfwi 



Jo 



(5.26) 



> C'||/||^,(^„_,) + C/ \\u\\%^,„_,^e-Hdt. 



Since u is an harmonic function. 



JdBr 



is nonincreasing on (0, 1]. Equivalently 

/ \u(t,.)\'ida 
is nonincreasing on [0, 00). Furthermore 

(1 - e-*)e-"*di < \\u\\l,^g^_,^{l-e-')e-^'dt 

[I 

IL9(5"-1) ' 



"1 

< Cl ||^^||L.^._1^e-"*^c^^. 
Jo 



(5.27) 
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This inequality implies that 

/ \u\^{l-r)dx <c{j) \u\''{l-r)dx, 

J\x\<l J'y<\x\<l 



l\x\<l 

for every 7 G (0, 1). Because of (5.19), 



M/-2/'J.9(5"-i) 



(4/2-2/9, q(5n-l) 



(5.28) 



Therefore, the right-hand side inequality in (5.17) follows from (5.18), (5.26) and (5.27). 

Next assume that is a distribution on 5""^ and P(//) G L'i{B; (1 — r) dx). In order 
to prove that G T/F~^/^'^(S'"'~-'^) and that the left-hand side inequality in (5.17) holds, 
we can assume that n G 2^(5"-^). By (5.19), if / G Li{S''-'^) then n G ^-^/^'^(S"-^). 
Therefore, if it is proven 

(5.29) 
(5.30) 
(5.31) 



Il9(5"-1) - ^\\'^\\Li{B;{l-r)dx) ' 

the left-hand side inequality in (5.17) follows. Equation (5.23) implies that 

\\vir, ■)\\w2,,(sn-i) < C \\u{r, ■)\\l',(s^-i) , Vr G (0, 1). 
for some C = C(ra) > 0. Hence 

\MLi{B;{l-r)dx) + \\^sn-M\ Li(B;(l-r ) dx) ^ ^ M Li{B-{l-r) dx) ' 



We write (5.20) under the form 



vtt-iN-2)vt = h:=-A^^_^v in R+ x 5 



n-l 



*|t=0 = /, 



in S 



n-l 



(5.32) 



Since u G L«(S; (1-r) dx), (5.30) implies that h G L«(B; (1-r) dx) (where /i(x) = /i(t, a)). 
Let (T be a fixed but arbitrary point on S^~^. Since Equation (5.32) is a first order o.d.e. 
in vt{-, a) with a forcing term h{., a), we fix some initial time to G (0, 00) and compute the 
value of the solution in {0,to). Integrating twice one derives 



v{t,a) = f\(^-^> re-(^~^^^h{T,a)dTds 



+ 



1 

A^- 2 



(e(^-2)(*-*o)-l)^t(io,a)+i5(to,c7). 



(5.33) 



Therefore 

\v{^,a)\ = \f{a)\<C 



Js 

to 



h{T, a] 



dTds + \vt{tQ,a)\ + \v{tQ,(j)\^ 
= c(^j\s\h{s,a)\ ds + \vt{to,a)\ + \v(tQ,a)\^ (5.34) 
< C[j^^_^^ (1 - r) \h{r, a)\ r^'-'dr + \vt{to, a)\ + \v{to, a)\), 
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where C is a constant independent of to, for to < In 2. Taking the g-power and integrating 
over yields to 



/ \f\'da<c([ \hmx)il-\x\)dx 

JS^-^ ^Jro<\x\<l 

+ / \vr\'^ {ro,a)da + / \v\'^ {ro,a) da) , 



where C is independent of ro, for tq > 1/2. We multiply the inequality by Vq ^ and 
integrate with respect to ro in (5/8, 6/8). It follows that 



/ \f\'da<c([ \h\'^ix)il-\x\)dx 

JS"-^ Vl/2<|a;l<l 

+ / {Vrl"^ dx + / dx). 

A/8<la;l<6/8 J5/8<bl<6/8 ^ 



'5/8<|a;|<6/8 J5/8<\x\<6/8 

By interior elliptic estimates, 

/ \vr\'^ dx< Iv]"^ dx. (5.36) 

^5/8<|a;|<6/8 il/2<|x|<7/8 

Finally, by (5.35), (5.36) and (5.31) we obtain (5.29). 

Step 2 The case of a general operator L in B. Because of the equivalence property of 
Theorem 2.11 already mentioned, if /x > 0, there exists a constant C such that, for every 
measure /x e m+{S^-'^), 

C-^'^-M < < CP^aCm)- (5.37) 

Therefore, if (5.17) holds with respect to P^^, it holds for P^, for every measure /i G 

fj, is a boundary-g-admissible measure for L, not necessarily 
positive, then /x+ and fi- are boundary-g-admissible. Therefore fj,+, fi- E W~'^/'^''^{S^~^), 
and the same holds with fi. Furthermore 

C^^\\lJ'±\\w-yi'iidn) ^ \\^L{lJ'±)\\Li{Q;pg^dx) < C\\lJ'±\\w-'^/''-i(dn)- (5.38) 

Step 3 The case of a general operator L in a general bounded domain There exists 
a finite set of bounded open subdomains Ui {1 < i < k) oi M" such that 

k 

1=1 

and for each i there exists a diffeomorphism $j from Ui of into some open subset Vi such 
that ^iiUiDCl) = B, and ^i(Uindn) = TiC dB ^ 5""^ This diffeomorphism induces an 
isomorphism, say between m{Uind9.) and 9JI(ri), W-'^/i^i{Uindn) and VF-2M9(ri), 
and it preserves positivity. Moreover, by the change of variables x G C/^ i— > y = $j(x) G Vi, 
the operator L is transformed into an elliptic operator on B, which still satisfies the 
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maximum principle, not necessarily the condition (2.5), but this is not crucial for the 
equivalence property in small domains. If G 971(50) has its support in Ui n dQ, the 
function u = ^^ifi) satisfies 



Lu 
u 

U = Ur 







in Ui n ri, 

on Ui n 89., 
on dUi n ri, 



(5.39) 



where Uc, the restriction of u to Of/j fl is C^. Thus the function Vi = u o ^ satisfies 

(5.40) 



L*Vi = in 

= ^>*(/i) on Tj, 
= itco on dB\Vi. 



Therefore, if is nonneg ative and Pg(/i) G L'^{Q; Pg^^dx), Vi G -L*(B; (1 - |?/|)dy), which 
leads to $*(/x) G ^^-^/^'^(ri) and /x G Moreover 



I A* 1 1 1^-2/9,9 (an) ~ ll^i 1 1^^-2/9.9(5"- 1) - ^ ll'"ilL9(S;(l_|a;|)cia;) 



(5.41) 



Since Pg^^^^.^ < P^q in Ui H 1^, the integral term on the right in (5.41) is dominated by 
the norm of ^^{p) in L'^{VL] pg^dx). By using a partition of unity, any measure fi on dfl 
can be decomposed in the sum of measures pi with compact support in Fj. Hence the 
following estimate holds when Pq{p) G Li{Cl; Pg^dx) : 

Mw-Vo-Hm < C \K{f^)L.in;pg,d.) ■ (5-42) 

Conversely, if we assume that p G m+{dn) n W^-2/'?.'?(aJ^) with support in some fixed 
compact Ki C dnnUi, then $*(//) G 9Jt+(5"-i) n VF~2/9,9(5"-i) ^^^j^ support in and 
equivalence of norms. Then Pf.($|(/x)) G L'i{B; (1 — |x|)da;), with 

\\^L*i^iil^))\\Li{B;{l-\x\)dx) - ll^i (/^)IIh/-2/9.9(S"-1) ~ ll/^llw-2/9,9(aa) • (5.43) 



But the left-hand side term in (5.43) is comparable to 



, and 



L9(B) 



(Uc) 



■ J A,8_B\r, 

Because u is an harmonic function, 

W'^cWioo^gUinQ) — ^ 11^11^^-2/9.9(90) ■ 

Finally 



Li{Uinn) 



^2(/^) 



P^\^^(/x) + P2^^'(txc) in J7 \ C/i, 



(5.44) 



(5.45) 



(5.46) 



in O n Ui. 
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Moreover 



Li{Uinn) 



<C\\n\ 



{ii) P2\^»(ne) 



Li{n\Ui) 



Combining these inequalities with (5.43), (5.44) yields to 



(5.47) 



and we finish the proof with the help of a partition of unity. The proof of (5.17) is the 
same as in Step 2. □ 

Remark. By using sharp estimates on the Green kernel of a general elliptic operator in 
a general smooth domain it can be checked directely that (5.17) is valid for any signed 
boundary q admissible measure. However, it is not known if the implication 



H e Tt{dn) n M^-2/9'9(9J^) =^ ij, is boundary g^admissible, 



(5.48) 



holds. 



It is proven in [75] that Proposition 5.9 admits an extension in the framework of Besov 
spaces (sec e.g. [93]). When s is not an integer or g = 2, the Besov space 

coincides with the Sobolev space W~^''^. 

Proposition 5.10 Let s > 0, q > 1 and jjl he a distribution on S"'~^. Then 

II G B-'^'^{S''-^) ^ r^Ai^J■) e L'i{B; (1 - \x\y'^-'^dx). 
Moreover there exists a constant C > such that for any ji G B~^''^{S^~^), 

\ 1/9 



C-^\MB-s.isn-^) < |F-A(M)r(l - \x\r-^dx^ ' < CM 



The dual form of Proposition 5.9 is the following, 



S-s.9(S"-i)- 



(5.49) 



Proposition 5.11 Let q > {n + l)/(n — 1) and the assumptions on L and O be satisfied 
as in Proposition 5.9. Then 



^GL^'(Jl;p-//'?da 



Moreover there exists a constant C > such that, for any G L^'(J7; Pg^/'^)dx), 

d 



< 



dnj* 



1% {if) 



<CM\r, 



(5.50) 
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Proof. Let /i G 9Jl((?f2). By duality between Li{Q; pg^dx) and L^' pg^dx), we write 

/ ¥2if^)i^Pendx = [ r2it^)L*Cdx = -[ j^dfi, (5.51) 
Jn Jn J an (^^l* 

where ( = G2*('0Pan)- Then the adjoint operator [P^]* of is defined by 



[I 



d 



(5.52) 



Consequently, Proposition 5.9 implies that there exists a constant C > such that 

d 



dnj 



W2/g,q'(5n-l) 



< c 



Li'in-pg^dx) 



(5.53) 



But 



^ e Li'in;pg^dx) ^ e L5'(J^;/9(i^-''')dx). 



□ 



Putting ip = Pg^ijj, implies (5.50). 

Proof of Theorem 5.8. (i) Assume that u is a solution of (5.15). Then u G L^(J7; Pg^dx), 
and for any ( G Cc'^(il), there holds 

dc 



I 

J on 



driL 



-dp, 



I (uL*C + Q\u\''-^u) 



dx 



< \\u 

< \\u 



\L'3{n;pg^dx)\\^*QL„'(^^.p-^/idx) 



+ [ \u\'i\C\dx, (5.54) 



\Li{Sl;pg^dx) 



dc 



dnr* 



+ I \u\'\C\dx, 



since Gg*(L*C) = C- Let r] G W^/i^i'd^l, and, for 5 > 0, put C = S'^Pani^ - Pgn)l'^2{v), 



rjdp 



an 



< \u 



\Li{^i;pg^dx)h\\wy'i''>'{dn)+^ ^ / Pani^ - p3n)l\^Liri)\\u\'^ dx. (5.55) 



Let K C dQ be a compact subset such that C2/q^qi{K) = 0. Then there exists a sequence 
{rin} C VF2/'?.9'(af^) with the property that < r/„ < 1, ^a = 1 

in a neie;borhood of K and 

— in VF^/^''^' (5r2) as n — ^ oo. We take rj = rjn in (5.55). Since n G L''(0; pg^dx) and 
has measure zero, the two terms in the right-hand side of (5.55) converge to when 

n ^ oo. Thus p does not charge Borel subsets with C^/'^''^ -capacity zero. It follows that 

p is the sum of an integrable function and a mesure in 

by Corollary 3.18. 

(ii) Conversely, let p he & boundary measure which does not charge Borel subsets with 
C2/g,g'-capacity zero. Assuming first that p is positive, by Proposition 3.17 there exists 
an increasing sequence {pj} of elements of PF~^/^'^(50) n93t+(5r2) which converges to p. 
By Proposition 5.9, the pj are boundary-g-admissible and the sequence {uj} of solutions 
of 



in n, 
Pj on do,, 



(5.56) 
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is increasing. Moreover Uj ^0. If tt — limj_>Qo Uj, then u>0. Since 

/^(„,rc + «K)''--/,„^*,. (5.57) 

for any ( G Cc'^(fi). Taking C = rji, the solution of 

L*r]i = 1 in ri, 
771 = on 50, 

we deduce u e L^(r2) n L'^{i^; pg^^dx) by the monotone convergence Theorem. Therefore 
(5.57) implies that u is the solution of 

Lu + \u\'^~^ u = in ft, 

(5.58) 

u = fi on 

If /Lt is a signed measure, we procede as in the proof of Theorem 3.20, by truncating 
the nonlinearity and inroducing the solutions of (5.15) associated to /x+ and — /x_ on the 
boundary. □ 



5.2 Boundary singularities 
5.2.1 Isolated singularities 

The study of boundary singularities of solutions of semilinear elliptic equations started with 
the work of Gmira and Veron [48]. As in the case of equations with internal singularities, 
the starting idea is to study the model case where fl = R" , dQ = R""^ and the 

singularity is located at x = 0. In spherical coordinates x = (r, a) where r > 0, o" G S'^~^, 
the existence of a solution u to 

- Au + lu]"^'^ u = 0, (5.59) 

in R" {q > 1) which vanishes on SR" \ {0} is enlighted if we look for it under the separable 
form u{r, a) = r°'uj{a). Then a = —2/ {q — 1) and a; is a solution of 

- A^„_,a; - -r?ju + |a;|«-^ u = on 5!^-^ = S""-^ n R!^, (5.60) 

which vanishes on the equator dS'^^^ ~ S"'~^. Since the first nonzero eigenvalue of 
the Laplace-Beltrami operator in W^''^ {S1~^) is n — 1, it is clear, by multiplying (5.60) 
by UJ and integrating over 5*""^, that no nontrivial solution of (5.60) exists whenever 
{2/{q — l))(2q/(q — 1) — n) < n — 1. Equivalently q > {n + ^)/{'n — 1). Conversely, if 
(2/(g — l))(2q/{q — 1) — n) < n — 1 solutions to (5.60) exist. The stable solutions are 
obtained by minimizing the functional 
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over the space where denotes the covariant derivative identified with 

the tangential gradient thanks to the isometrical imbedding of S^~^ into M". Put 

and let 5+ be the set of solutions of (5.60) in S^~^ which vanishes on dS"'~^. As we 
have already seen it, if g > (n + l)/(n — 1) this set is reduced to {0}. Conversely, if 
1 < q < (n + l)/(n — 1) <^=^ Aq^„ > n — 1, there exist minimizing solutions to (5.60). 
Besides this fact, the positive solutions are unique. Moreover, if Aq^n < 2n, which is the 
second eigenvalue of ™ ^o^'^('S'+~^)) all the solutions of (5.60) vanishing on the 

equator have constant sign. Finally, if Aq^„ > 2n there exist changing sign solutions. 

Let ft be an open subset of M" with a boundary of class C^'^ for some 9 G (0, 1), and 
G d^}. It can be performed an orthogonal change of coordinates in M" in order the axis 
{x : Xj = 0, Vj = 1, ...,n — 1} be the normal direction to dQ, e„ be the unit outward 
normal vector at and ~ W^~^ the tangent plane to dQ at 0. Let u be any solution 
to (5.59) in 0, which is continuous in 1] \ {0} and coincides on dU \ {0} with a function 
g G (7(90). For R > small enough and m+ = max{g{x) : x G D -Br}, the function 



X I— > u{x) 



{u{x) — m+)+ if a; G n Br, 
ifxeBR\Tl, 

is a subsolution of (5.59) in Br \ {0}. But the Keller- Osserman estimate implies 

u{x) <m+ + C\x\~^^'^~^ ,\/x eTinBR\{0}, 

for some C = C{n,q,R) > 0. In the same way, u is bounded from below in the same 
set by m_ — C|x|~^^'^~^, where m_ = mm{g{x) : x G D Br}. Hence the function 
X ^—>- \xf^''^^ u{x) is uniformly bounded in r2ni?R\{0}. We perform a change of coordinates 
y = ^{x) which transforms n Sr into n Br and dVt D Br into n Br. We define 
V by 

y^v{y)=v{r,a) = \ct>-\yf' ^'''K{r\y)l (r,a) G (0, i?) x 5^^, 
and put w{t, a) = v{r, a) with t = Inr. Then w satisfies an equation of the type 



Q = {I + ei{t))wu + {n-2^-^ + e2{t)^ wt + {Kq^n + ez{t)) w + /\^^_,w 



(5.62) 

in (— oo,lni?] X S'^^ , where the ej{t) depend on the change of coordinates and verify 



\ej{t,a)\ < Cje\ y{t,a) G (-oo,lni?] x S^-^ j = 1,...,6. (5.63) 

Since \wit,a)\ < Ce^'i^/^i-^\ we can use the elliptic equations regularity theory and a 
Lyapounov style analysis at — oo. The following result is due to Gmira and Veron [48]. 
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Theorem 5.12 Suppose 1 < q < (ri + l)/(n — 1). Then, with the previous notations, 
there exists a compact connected subset of the set of the solutions of (5.60) in S^~^ 
which vanish on dS^~^ , such that 

^ lim distQ2(sn-i)(w(t, .), = 0, (5.64) 

where disi(-,2(5"-i) denotes the distance associated with the C'^ {S^~^)-norm. Moreover, the 
set Sj^ is reduced to a singleton in the following cases : 

(i) u is nonnegative, 

(ii) (n + 2)/2n<q<{n + l)/(n - 1), 
(Hi) n = 2. 

When f+ = {0} it is possible to make more precise the way the function w{t,.) con- 
verges to as t ^ — oo. By adapting the method developed in [27], it is proven in [48] 
that the following result holds, 

Theorem 5.13 Suppose 1 < q < (n + l)/(n — 1) and let w be the solution of (5.62) 
associated to u, solution of (5.59). Assume 

^hm^||u;(t,.) 11^2(5^-1) = 0. 

Then, if one of the following conditions holds : 

(a) u is nonnegative, 

(b) n = 2 and dO, is locally a straight line near 0, 

(c) 2/{q — 1) is not an integer, 

(i) either u can be extended to Q as continuous function solution of the Dirichlet problem 



-Au+ \u\'' ^u = inn, 
u = g on dil, 

(ii) or there exists an integer k E [n — l,2/(q — 1)) and a nonzero solution of 

A5n-iV' + fe(n + fe-2)V = inSl-\ 

i; = ondSl-\ 

such that 



(5.65) 



(5.66) 



lim e('=-2/(«-i))*i(;(t, .) = V, (5.67) 

t— »— oo 



in the C^{Sl-^)-topology. 
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The meaning of this result is the following : either u has a strong boundary singularity 
which is described thanks to the set 5+ of solutions of (5.60) vanishing on the equator, 
either there exists a spherical harmonic of degree k such that 

lim \x\'' u{x) = ^^{a), uniformly for a G 5?"^, (5.68) 

X 
x/ \x\ — ► O" 

or u is regular function. 

When —A is replaced by an elliptic operator L with variable Lipschitz continuous 
coefficients, most of the above results extend in the same way as for the isolated internal 
singularities (see the section on isolated singularities). 

5.2.2 Removable singularities 

The first result on removability (see [48]) is the following. 

Theorem 5.14 Let Q, be a domain in M", xq a boundary point, and g a continuous 
real valued function defined on x R, such that 

uniformly with respect to x & ^l. If u G C'^{Q,) H (7(17 \ {xq}) is a solution of 

-Au + g{x,u) = inn, (5.70) 

which coincides on d^l \ {xq} with some (f) G C{dft), then u can be extended as a C(0) 
function, which verifies 

—Au+q(x,u)=0 in il, 

(5.71) 

u = (f) on dQ. 

Actually, their proof could have been adapted, without any deep modification, to Equation 
(5.1). A much more general result will be given later on. 

Definition 5.15 Let Q he a domain in M" and q > (n + l)/(n — 1). 

(i) A Borel subset K of dfl is said q'-removable if any nonnegative function u G (7^(0) fl 
C{n\K) solution of (5.59) which vanishes on dCl is identically zero. 

(ii) A Borel subset K of dn is said conditionally g-removable if any nonnegative function 
u e C^in) n C{n \ K) solution of (5.59) belongs to Ll^^i^; Pg^dx). 

The condition q > (n + l)/(n — 1) is necessary, since, below this value, only the empty 
set is removable by Theorem 5.6. The main removability result is the folllowing. 

Theorem 5.16 Let Q be a C'^ bounded domain in W^, q> {n + l)/(n — 1) and K G O, be 
compact. Then the following assertions are equivalent. 

(i) K is q-removable. 

(ii) K is conditionally q-removable. 
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This result was first proven by Le Gall [63] in the case g = 2, by probabilistic methods, 
then by Dynkin and Kuznetsov [36] in the case q < 2, by a combination of analytic and 
probabilistic methods and by Marcus and Veron [71] when q > 2 with purely analytic 
tools. All the proof are based upon the construction of suitable lifting operators which 
transform functions defined on the boundary into functions defined in J7. In [72] the first 
unified proof, valid in all the cases q > (n + l)/(n — 1) is given. We shall present a sketch 
of it below. 



Definition 5.17 A linear map R : C^(0) ^ C^(0) is called a positive lifting if 

Rivhn = ri and r/ > ^ R{ri) > 0. 



(5.72) 



Lemma 5.18 Let (f) be the first eigenfunction of —A in Wq''^{^) and q> (n + l)/(n — 1). 
There exists a positive lifting operator R: r] ^ Riv) = R-n ^^'^ additional property 



\R. 



< \\ri\ 



L°°(90) 



and 



i/'?'Ai?^| + 2 |0-V«(Vi?^.V(A)|||^^,^^^ < CM^^M^g^^, Vr? G W''/"''^' (dn). (5.73) 
Furthermore 

(f)^/i' RrfARr, + 2 U-V?i? (vi?^.V</.)| + |vi?^|2 

<Cil + \\r]\\y^,2M(^Q^•)), Vryer*, 

where T* = {rj e W^/i'i' (dU) : < r? < 1}. 

Proof. In Section 2.4 we have already introduced the foliation of by the 

:= {x e n : p^{x) = p}, 0</3</3o, 

for /?o depending on the curvature of dU, with Sq = S = = {a; G O : pg^{x) > P} 

and Gp = For every < P < Po and x £ there exists a unique (j{x) G E such 

that \x — (j{x)\ = Pg^{x), and the correspondence x < — > {pg^{x),a{x)) defines a smooth 
change of coordinates near the boundary called the flow coordinates. In terms of flow 
coordinates, the Laplacian has the following form 

op'^ op 

where p stands for pg^, bo depends on x and As is a second order elliptic operator on S 
with coefficients depending also on x. Moreover 



As As and bo ^ k as Pg^ {x) 0, 
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where As is the Laplace-Beltrami operator on S, and k the mean curvature of E (see 
[13]). If ?7 G C{T,), let H = Hn be the solution of the initial value problem 

dH 

— = A.i7 inM^xE, 
iJ(0,-)=r/(-) inE. 

We can express H in terms of the two coordinates (r, a). Let h G C°°(M+) be a truncation 
function with value in [0, 1], ^ = 1, on [0, /3o/2] and ^ = 0, on [/?o, oo). The lifting R = 
of r] is defined by 



Rr,{x) 



H^{(t?{x),a{x))h{pg^{x)), Va;eG^o 

(5.76) 

0, Vx G ri^Q. 



Clearly the positivity and contraction principle in uniform norms hold. The proof of 
(5.73) and (5.74) is much more elaborated and settled upon analytic semigroups theory 
and delicate interpolation results (see [72] for a detailled proof). □ 

Proof of Theorem 5.16. (iii)^=^ (ii) Let 

= {?7 e C'^{dQ) :0<r/<l, r? = in an open relative neighborhood of K^. 

Put Cr, := ?!>-R^^'- Then < C <<?!', and Qr^ix) = O ((Pan(^))^^^''') in a neighborhood 
of K. Since in the case of Equation (5.59), the Keller- Osserman a priori bound implies 

\u{x)\ < C(iV,g)(p,Jx))-2/('?-i), Vx G n, (5.77) 

and u{x) = O {Pq^{x)) if Pg^{x) — > 0, outside V^, we derive 

n«(x)C^(x) = 0(p,Jx)) in a (5.78) 

Moreover, if Ai is the eigenvalue corresponding to (j), 

ACr, = -Xi^B^'^' + ^AR^/ + 2(V(/>.Vi?^^') 

= -AiC^ + 2q'^R^'^'~^ARr^ + 2g'(2g' - 1)R^'^'~'^ \^Rvf + 2q'R^'^'~\V(l).VRr,). 

(5.79) 

Therefore 

n |ACJ <C(r/)ni?f-^ 
Because rj eTx, uA(jj remains bounded in J7. For < /3 < /3o, 

/ Cr,Audx= [ uACr,dx+ [ ((^pL-u^)dS, (5.80) 
Jn\G0 Jn\G0 J-Ep ^ on On/ 

and combining (5.77) with Schauder estimates, 

— y. =0(^-(9+i)/{9-i)) 
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hence 



Letting /3 — in (5.80) implies 

By Holder's inequality, 

/ u \AQ dx<( [ u%r,dx) (f C-'^l" |AC^|«' dx 

<c( [ uKr, dx) f / (C^ + M{r^Y) dx 
\Jq J \Jn 



(5.81) 



l/q' 
1/q' 



(5.82) 



where 

M{r])= (l)^/i'Rr,ARr^ +2 ^-^/'iR^{VR^.V^) +,^V?'|Vi?^| 
Since by Lemma 5.18, 

it follows from (5.81) and (5.82), 

< C2(l + \\v\\wyiy(an)y' ■ 



(5.83) 



If we put T]* = 1-7], then Mll^y,^,, ^g^^ < C + 11^* 1 1 ^.2/,,,' (g^^)- If ^ has C2/q,q/-capacity 
zero, there exists a sequence {77;} C C^{dn) such that < < 1, 77^ = 1 in a relatively 
open neighborhood of K and 



as ra ^ 00. 



Since a boundary set with C2/g^g'-capacity zero has zero (n— 1) -Hausdorff measure, 77* — 
as 7Z — > 00. Thus (^ri* If we let — ^ 00 in (5.83) we finally obtain 



u'^Hx < C2, 



(5.84) 



with C2 = C2{K). Thus K is conditionally g-removable. 
(ii) (i) Since G L^(r2; /Og^^da;), > and 

the function positive and harmonic in fi, thus it admits a boundary 

trace /x G DJl+((?fi). Since the boundary trace of G^^('U^) is the zero measure, it is infered 
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that u admits the same boundary trace /x, the support of which is included into the set 
K. Moreover 

< n = PeA(/^) - G-aK) < P-a(/^)- 

Therefore u = n^, solution of Problem (5.15) with L = —A. Consequently n does not 
charge boundary sets with C2/g^g'-capacity zero and the same property is shared by k/i, 
for any k € N*. Put = u^.^. If n is not zero, the sequence of solutions {u/.} is increasing 
and converges to some when A; — > oo. Because Uk vanishes on 90 \ iC, it follows from 
the Keller-Osserman construction that u^o inherits the same property. Furthermore 

[ (-Uk^Cr + Cv*'^k) dx = -k [ ^^dji, (5.85) 
JQ. Jdn on 

2a' 

where r]GT,r]* = l — r] and C??* = 4>R^* ■ Because /x is not zero, the right-hand side of 
(5.85) tends to infinity with k. Since K is conditionally q-removable u^o € L^i^'i Pdndx). 
Moreover, as we have seen it before, 

J^UkA(r^*dx < C (^J^ul(pdx^ (l + \\r]*\\wVi,i'{dn)) ■ 

Hence, the right-hand side of (5.85) is bounded independently of k, which is a contradic- 
tion. 

(i) =^ (iii). If we assume C2/q^q'{K) > 0, there exists a measure /ik G 97l+(90) fl 
W~'^/'''''{dQ), satisfying ^xidO, \ K) = and C2/q^qi{K) = hk{K). This measure is an 
extremal for the dual definition of the capacity of K (already introduced in (3.54 with 
Bessel potentials) : 



C2/q,q'{K) = sup 



^(an \K) 



see [1, Th. 2.2.7]. Hence Problem (5.15) with L = —A is solvable with /z = ij,k, thus K is 
not conditionally q-removable. □ 



5.3 The boundary trace problem 

One of the most striking aspects in the study on positive solutions of (5.15) in a domain fl 
relies on the possibility of defining a boundary trace which is no longer a Radon measure, 
but a generalized Borel measure, that is a measure which can take infinite values on 
compact boundary subsets. The second important task of the theory of boundary trace 
is to analyse the connection between the set of all the boundary traces and the set of 
solutions. These notions were first studied by Le Gall [61], [62] in the case L = —A, 
q = n = 2, and then extended by Marcus and Veron [68], [69], [70]. For simplicity we shall 
consider first the model case 

- An+|n|«~^'u = in Q. (5.86) 
We adopt the notations of Section 2.4 
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Theorem 5.19 Let Q C M" be a smooth domain and q > 1. Let u be a positive solution 
of (5.86). Then for any a G dVt the following dichotomy holds : 
(i) either for every relatively open subset O C O containing a, 



a [ u{x)dSt = oo, (5.87) 



lim 



(ii) or there exist a relatively open subset O d VL containing a and a positive linear func- 
tional e on C^{0) such that for every 9 G 0^(0), 

lim / u{x)e{x)dS = i{9). (5.88) 

Proof. The proof of this result is settled upon the following alternative which holds for 
every boundary point a : 

(I) either there exists an open ball Bj.q (a) such that 

/ '^'^Pand'X < oo, (5.89) 

7s^g(a)nn 

(II) or for any r > 0, 

u'^Pg^dx = oo. (5.90) 



Ib, 



iBr{a)nn 

If (I) holds, let e > and Ue be a smooth open subdomain of $7 PI -Bro(a) containing 
Br-e{a)^ and such that 

Br-eia) ndn cUeDdn C Br{a) n do,. 

The function u = is a nonnegative solution of (5.86) in with H'^ G L^{Ll^; p^^^dx). 
Thus it admits a boundary trace on dUe which belongs to ^Jl-^-{^Ue). Therefore, for any 
e e C^idUe), there holds 

lim / u{x)9{x)dS = leiO). (5.91) 

Since e is arbitrary and is uniquely determined on dU^, assertion (ii) follows. 

If (II) holds, let r? G C^{dn D S,.(a)) such that < r] < 1, r] = 1 on dn D 5^/2(a). For 
t G (0, Po/2) small enough, we define Cri,t in the set Qt \ ^/3o t>y 

Cr,,t{^) = QvAPenix) - t,a{x)) = ((^i?^9')(pg„ (x) - t,a{x)). 

Then 

[ {-uACr,,t + u%,t)dx= [ ri"i'udS- [ ^{(3o - t,a)dS. (5.92) 
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As we have already seen it 

/ {u^Cv^dx <C\\ri\\^2/g,g^ [ / u'^Cr],tdx\ 
Jnt\ng^ \Jnt\ni3g ) 

Because the surface integral term in (5.92) on is bounded independently of t, it follows 

/ r]'"^udS>l u%^,tdx-CiMw2M ( [ u%rj,tdx\ - C2. (5.93) 

Moreover, as = 1 on 50 5^/2 (a), there exists S > such that (j)B^'^ > 6 on QriB^/2iO')- 
Hence, by (5.90) and the Beppo-Levi Theorem, 



lim 



a / u''Cv,tdx = 00, 



which implies 



lim / ri'^i'udS = 00, (5.94) 

^ J St 



and assertion (i) follows. □ 

We write dQ = S{u) UTZ{u) where S{u) is the closed subset of boundary points where 
(i) occurs, and Tl{u) = d^l \ S{u). By using a partition of unity, there exists a unique 
positive Radon measure on TZ{u) such that 

lim/ u{a,t)Ct{(T,t)dSt= I C{'^)dfi, (5.95) 
J-R{u) Jniu) 

for every G Cc{Jt{u)). Thus we define the boundary trace by the following identification 

Traa{u) = {S{u),ii). (5.96) 

The set S{u) is called the singular part of the boundary trace of -u, while pL G 9Ji+(7?.(u)) 
is the regular part. The couple {S{u), ji) defines in a unique way an outer regular positive 
Borel measure v (an element of fB'^^(9r2)), with singular part S{u) and regular part fi. 

In the subcritical case, an important pointwise characterization of the singular part is 
the following minoration. 

Proposition 5.20 Let Q, be a bounded domain in with a boundary dQ, 1 < q < 
(n + l)/(n — 1) and u be a positive solution of (5.86) in Q, with boundary trace {S{u), jj,). 
If a E S{u), then 

u{x) > Uooa{x), Vx G r^, (5.97) 
where u^oa = liinfe-^oo UkSa j o,i^d, u^Sa solution of 

-^Uks^ + \uk5a\''~^ Uks^ = inn, 

(5.98) 

UkSa = kSa on on. 
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Proof. Since for any r > 0, there holds 

Um / u{x)dSt = oo, 

for any A; > and t = tk = l/k, there exists rk,t > such that 

/ u{x)dSt > k. 



Let rrik be such that 



B., ,(a)nE 



min{mk,u{x)}dSt = k, 



and denote by the solution of 

-Avk + l^^fel^""^ Vk = in Ot, 



(5.99) 



By the maximum principle, < u in fit and by the stability result of Corollary 5.4, 
converges to u^Sa locally uniformly in J7 (actually the proof is given for a fixed domain Q,, 
but the adaptation to a sequence of expanding smooth domains is straightforward). Thus 
UkSa < w in rj. Since k is arbitrary, (5.97) follows. □ 

Remark. Notice that the boundary behaviour of Uooa is given by Theorem 5.12 : with an 
apropriate rotation in the space, it is 

lim \x - ap/^'^"^) Uooa{x) = u;{a), uniformly on S^'^, (5.100) 

X — * a 
(x — a)/ |x — a| — ♦ o" 

where u is the unique solution of (5.60) on S^~^ which vanishes on the equator dS^~^. 

The most general boundary value problem concerning positive solutions of (5.86) is to 
solve the Dirichlet boundary value problem with a given outer regular Borel measure as 
boundary trace. If G *B^^^((?fi), we put 

S = Su = {(J & do, : v{U) = oo for every relatively open neighborhood U of a}. 

Clearly Sy is closed and the restriction ^ of to TZi^ = dfl \ 5,^ is a Radon measure. This 
establishes a one to one correspondence between QS!jf^(c)0) and the set of couples (5,//), 
where 5 is a closed subset of dfl and /x a positive Radon measure on 7?. = dfl \ S. The 
following result is proven in [70]. 

Theorem 5.21 Let J7 C 6e a smooth domain and 1 < q < (n + l)/(n — 1). Then 
for any v G ©^^^(5^2) with v « (5,/Lf), where S is a closed subset of dft and fj, a positive 
Radon measure on dil \ S, there exists a unique solution of 

' ' (5.101) 
TraQ.{u) = V. 
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Proof. The proof is long and technical, and we shall just indicate the main steps : 

(1) By approximation, a minimal solution u^^^ and a maximal solution us,fi of Problem 
(5.101) are constructed, so any other solution u satisfies 

^ ^ ^ ^5,M- (5.102) 

(2) Using convexity and the approximations of the minimal and the maximal solutions, it 
is proven that 

us,u,-Us,^<us,o-Us^o- (5.103) 



(3) Using (5.77), (5.97), (5.100) and Hopf boundary lemma, there exists K = K{q, Q) > 1 
such that 

us,o < Kus^o- (5-104) 



(4) Assuming that 2is,o 7^ '"5,/^ {i^^^d the strict inequality follows by the strong maximum 
principle), a convexity argument implies that the function 

= 2^,0 - 2^(^5,0 - Us,o), 

is a supersolution of (5.101) with u ^ {S,0). Since for < a < 1/{2K) aug^ is a 
subsolution of the same problem with the same boundary trace, and 

au^ Q < w, 

it follows by (Theorem 4.1) that there exists a solution u of (5.86) in CI and 

"2^5 o<u<w<u^Q. (5.105) 

Because both au^ Q and w have the same boundary trace (S, 0) in the sense of Theo- 
rem 5.19, u is a solution of Problem (5.101) with u (5,0). This fact contradicts the 
minimality of u^^q, thus usfi = Hsfi^ which, in turn, implies us,^ = Ms,im- '-' 

When q > {n + l)/{n — 1) neither any positive Radon measure on dCl is eligible for 

being the regular part of the boundary trace of a positive solution of (5.86), nor any closed 
boundary subset for being the singular part : these facts follow from Theorem 5.8 and 
Theorem 5.16. 

Definition 5.22 (i) Let .4 be a relatively open subset of dCl and /j, G 9Jt+(„4). Then the 
singular boundary of A relative to jx is defined by 

d^A = {a & A: ^{U n ^) = oo, for every neighborhood U of a}. (5.106) 

(ii) Let ^ be a Borcl subset of dCl. A boundary point a is q- accumulation point of A if, for 
every relatively open neighborhood U of cr, C2jq^qi{Af\ U) > 0. The set of g-accumulation 
points of A will be denoted by A*. 
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The following result, announced (under a slighly different form) in [69], is proven in 
[71] (see also [38], [39]). 

Theorem 5.23 Let $7 C M" be a smooth domain, q> (n + l)/(n — 1) and v (5,/i) an 
element of (dO,) . Then Problem (5.101) admits a solution if and only if the following 
condition is fulfilled : 

(i) For every Borel subset AcTZ = dQ, \ S, C2/q^q'{A) = =^ = 0, 

(5.107) 

{ii)S = S*Ud^{n). 

One of the most striking aspect of the super-critical case is the loss of uniqueness. It 
has been proven by Le Gall [64] in the case q = 2 and extended by Marcus and Veron 
[71] that there exist infinitely many solutions of Problem (5.101) whenever the singular 
set S has a non-empty relative interior. Actually there exists a maximal solution, but no 
minimal solution. This fact has led Dynkin and Kuznetsov in [40] to introduce a thiner 
notion of boundary trace called the fine trace. However their definition is only working 
when q < 2. When q = 2 and with a fundamental use of probability techniques (the 
Brownian snake), Mselati proved in [80] the one to one correpondence between positive 
solutions of (5.86) and the fine trace. The extension of this result in the general case 
remains open. 



5.4 General nonlinearities 
5.4.1 The exponential 

There are many extensions of the nonlinear boundary value problems when the nonlinearity 
in no longer of a power type. In [49] the boundary trace of the prescribed Gaussian 
curvature equation is studied 

-Au = K(a;)e2", (5.108) 

in a 2-dimensional bounded domain $7. In this equation, X is a given function ; the 
question is to find out a new metric conformal to the standard metric of a subdomain on 
the hyperbolic plane so that K is the Gaussian curvature of this metric (see [87] for 
example). The existence of boundary trace in the set of outer regular Borel measures on 
is proven. In the case of a Radon measure the following existence result is obtained : 

Theorem 5.24 Suppose /? < K{x) < a < is a continuous function in a smooth bounded 
domain J7 of the plane and ji G 9Jt(5J7) with Lebesgue decomposition 

fi = fiRdHi + Us, 

where /ir G L^{d^) and fig -L M-R- ^ there exists some p G (1, oo] such that 

ii) exp (2Pf^^(Ai.)) e LP\Q-p^^dx), 

(5.109) 

{ii) exp{2fiR) e LP-\dn), 
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then there exists a unique u € L^(J^) with e^" € L^iyi; Pg^dx) solution of 

-An - K(x)e2« = in 



(5.110) 
n = /X. 

As for the power case, sufficient conditions for solving 

-An - if (x)e2" = in J^, 

(5.111) 

Traa{u) = V. 

where v £ B!^^(5i7) are given. They are expressed in terms of a boundary logarithmic 
capacity. 

5.4.2 The case of a general nonlinearity 

For general semilinear equations of the form 

- Au + c/(x,n) = in Jl, (5.112) 

where 17 is a smooth domain in M", not necessarily bounded, and g a continuous function 
defined on O x M, a new approach of the boundary trace problem is provided by Marcus 
and Veron in [73]. As it has already been observed in the imphcation [(i) (ii)] in the 
proof of Theorem 5.16, if n is a positive solution of (5.112) with g{x,u) > 0, and if for 
some a G dfl there exists r > such that 

/ g{x, u)pg^dx < oo, (5.113) 

JBr{a)nn 

then u £ {B.,.i (a) n $7) for any < r' < r and there exists a positive linear functional i 
on C^(E n Br (a)) such that, for any 9 in this space, 

lim / u{x)9ix)dSt = £(6). (5.114) 

This result leads to the notion of regular and singular points if it is assumed for example 
that g satisfies 

£f(x,r)>0, V(x,r) G X M+. (5.115) 

Definition 5.25 Let u be a continuous nonnegative solution of (5.112). A point a G 917 
is called a regular point of u if there exists an open neighborhood U of a such that (5.113) 
holds. The set of regular points is denoted by Tl{u). It is a relatively open subset of 517. 
Its complement, S{u) = dCl \ TZ{u) is the singular set of u. 

Using a partition of unity, it exists a positive Radon measure n on TZ{u) such that 

lim/ u{a,t)Ct{'J,t)dSt= [ a^)dp, (5.116) 

Jn{u)t J-Riu) 

for every C G Cc(7^(^^)). 
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Definition 5.26 A function g is a coercive nonlinearity in 0, if, for every compact subset 
K G ^, the set of positive solutions of (5.112) is uniformly bounded on K. 

An example of coercive nonlinearity is the following : 

g{x, r) > h{x)g{r), V(ar, r) e O x M+, (5.117) 

where h e C{Q) is continuous and positive, and / G C(M+) is nondecreasing and satisfies 
the Keller-Osserman assumption : 

J U fis)ds] dt <oo, Ve>0. (5.118) 

The verification of this property is based upon the maximum principle and the construction 
of local super solutions by the Keller-Osserman method. 

Definition 5.27 A function g possesses the strong barrier property at a G dQ if there 
exists ro > such that, for any < r < ro, there exists a positive super solution v = Va,r 
of (5.112) in Brio) n 9, such that v G C{Br{a) n H) and 

lim v{y) = oo, Vx G x dBr{a). (5.119) 



r — > X 

yen 



If g{x,r) = /(r) where / satisfies the Keller-Osserman assumption, then it possesses 
the strong barrier property at any boundary point. If 

5(x,r) = (p,Jar))"r^ V(a;,r)GOxR+ 

for some a. > —2 and q > 1, \i possesses also the strong barrier property, but the proof, 
due to Du and Guo [33], is difficult in the case a > (the nonlinearity is degenerate at 
the boundary). 

Proposition 5.28 Let u G C{Vt) he a positive solution of (5.112) and suppose that a G 
S{u). Suppose that at least one of the following sets of conditions holds : 

(i) There exists an open neighborhood U' of a such that u G L^{U' H ^l). 

(ii) (a) g{x,-) is non- decreasing in R^, for every x G Q; 

(b) 3Ua, an open neighborhood of a, such that g is coercive in Ua n VL; 

(c) g possesses the strong barrier property at a. 

Then, for every open neighborhood U of a, 



lim / u{x)dSt = oo. (5.120) 



This result, jointly with (5.114), yields to the following trace theorem. 

Theorem 5.29 Let g be a coercive nonlinearity which has the strong barrier property at 
any boundary point. Assume also that r ^ g{x, r) is nondecreasing on M+ for every x G ri. 
Then any continuous nonnegative solution u of (5.112) possesses a boundary trace v in 
^''^\d^) with 

u = TrQQ{u) ^ {S{u), n), where /x G 9J^+(7^(■^x)). (5.121) 
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This result applies in the particular case where g{x,r) = pg^{x)°'r'^. Moreover a 
complete extension of Theorem 5.21 in the subcritical range 

n + l + a 
l<q< — , a>-2, 

n — 1 

is valid. The super critical case is still completely open. 
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